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Irreducible quantum group modules with finite 
dimensional weight spaces. II 

Dennis Hasselstr0m Pedersen 


Abstract 

We classify the simple quantum group modules with finite dimensional 
weight spaces when the quantum parameter q is transcendental and the 
Lie algebra is not of type G 2 . This is part 2 of the story. The first part 
being IPedlBal . In )Pedl5al the classification is reduced to the classifica¬ 
tion of torsion free simple modules. In this paper we follow the procedures 
of |Mat00| to reduce the classification to the classification of infinite di¬ 
mensional admissible simple highest weight modules. We then classify the 
infinite dimensional admissible simple highest weight modules and show 
among other things that they only exist for types A and C. Finally we 
complete the classification of simple torsion free modules for types A and 
C completing the classification of the simple torsion free modules. 
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1 Introduction 

This is part 2 of the classification of simple quantum group modules with finite 
dimensional weight spaces. In this paper we focus on the non root of unity case. 
Let g be a simple Lie algebra. Let q € C be a non root of unity and let U q 
be the quantized enveloping algebra over C with q as the quantum parameter 
(defined below). We want to classify all simple weight modules for U q with finite 
dimensional weight spaces. In the papers [Fer90] and MatOO this is done for 
g-modules. Fernando proves in [Fer90 ] that the classification of simple g weight 
modules with finite dimensional weight spaces essentially boils down to classi¬ 
fying two classes of simple modules: Finite dimensional simple modules over a 
reductive Lie algebra and so called ’torsion free’ simple modules over a simple 
Lie algebra. The classification of finite dimensional modules is well known in 
the classical case (as well as the quantum group case) so the remaining problem 
is to classify the torsion free simple modules. O. Mathieu classifies all torsion 
free g-modules in [ MatOOj . The classification uses the concept of a g coherent 
family which are huge g modules with weight vectors for every possible weight, 
see [ MatOOl Section 4]. Mathieu shows that every torsion free simple module is 
a submodule of a unique irreducible semisimple coherent family |Mat00i Propo¬ 
sition 4.8] and each of these irreducible semisimple coherent families contains 
an admissible simple highest weight module as well [MatOO, Proposition 6.2 ii)]. 
This reduces the classification to the classification of admissible simple highest 
weight modules. In this paper we will follow closely the methods described 
in [MatOO] . We will focus only on the case when q is not a root of unity. The 
root of unity case is studied in [Pedl5a| . Some of the results of [MatOO] translate 
directly to the quantum group case but in several cases there are obstructions 
that need to be handled differently. In particular the case by case classification 
in types A and C is done differently. This is because our analog of £XT(L) 
given an admissible simple infinite dimensional module L is slightly different 
from the classical case see e.g. Section [7] The proof when reducing to types 
A and C in [Fer90j and [Mat00| uses some algebraic geometry to show that 
torsion free modules can only exist in types A and C. In this paper we show 
that infinite dimensional admissible simple highest weight modules only exist 
in types A and C and use this fact to show that torsion free modules can not 
exist for modules other than types A and C. For this we have to restrict to 
transcendental q. Specifically we use Theorem 18.11 If this theorem is true for 
a general non-root-of-unity q we can remove this restriction. The author is not 
aware of such a result in the litterature. 

1.1 Main results 

To classify simple weight modules with finite dimensional modules we follow 
the procedures of S. Fernando and O. Mathieu in |Fer90] and [ MatOO ]. The 
analog of the reduction done in | Fer90| is taken care of in the quantum group 
case in [ Pedl5a| so what remains is to classify the torsion free modules. We will 
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first recall some results from |Pedl5a| and [Pedl5bj concerning the reduction 
and some formulas for commutating root vectors. This is recalled in Section [5] 
and Section [3] In Section [I] we do some prelimary calculations concerning Ore 
localization and certain ’twists’ of modules necessary to define the ’Coherent 
families’ of Section [5] Here we don’t define the concept of a general coherent 
family but instead directly define the analog of coherent irreducible semisimple 
extensions £XJ~(L) of an admissible simple infinite dimensional module L. In 
analog with the classical case we show that for any admissible simple infinite 
dimensional module L , SX'T(L) contains a submodule isomorphic to a simple 
highest weight module, see Theorem 15.121 We also prove a result in the other 
direction: If g is such that there exists a simple infinite dimensional admissible 
module L then there exists a torsion free t/ g (g)-module, see Theorem 15.81 So 
the existence of torsion free modules over the quantized enveloping algebra of 
a specific g is equivalent to the existence of an admissible infinite dimensional 
highest weight simple module over U q (g). Using this we show that torsion free 
modules exist only for types A and C in the Sections 18.1118.2118.3118.41 and 18.51 
where we also classify the admissible simple highest weight modules which are 
infinite dimensional. Finally in Section [9] and Section [TU] we complete the clas¬ 
sification in types A and C , respectively, by showing exactly which submodules 
of £XT(L( A)) are torsion free for a A of a specific form see Theorem 19.81 and 
Theorem 110.71 

1.2 Acknowledgements 

I would like to thank my advisor Henning H. Andersen for great supervision and 
many helpful comments and discussions and Jacob Greenstein for introducing 
me to this problem when I was visiting him at UC Riverside in the fall of 2013. 
The authors research was supported by the center of excellence grant ’Center 
for Quantum Geometry of Moduli Spaces’ from the Danish National Research 
Foundation (DNRF95). 

1.3 Notation 

We will fix some notation: We denote by g a fixed simple Lie algebra over 
the complex numbers C. We assume g is not of type G 2 to avoid unpleasant 
computations. 

Fix a triangular decomposition ofg: g = g^ffifyffig + : Let 1) be a maximal 
toral subalgebra and let $ C h* be the roots of g relative to [). Choose a simple 
system of roots n = {an,..., a n } C $. Let <f> + (resp. $“) be the positive (resp. 
negative) roots. Let g ± be the positive and negative part of g corresponding 
to the simple system n. Let W be the Weyl group generated by the simple 
reflections S; := s ai . For a w G W let l(w) be the length of W i.e. the smallest 
amount of simple reflections such that w = } . Let (-j-) be a standard 

W-invariant bilinear form on 1)* and (a,/3 v ) = Since (■)•) is standard we 

have (a | a) = 2 for any short root ag$ and since g is not of type G 2 we have 
(/3|/3) = 4 for any long root /? G <F Let Q = span z {oq,..., a n } denote the root 
lattice and A = span z {wi,..., u> n } C f)* the integral lattice where u>i G ti* is 
the fundamental weights defined by (cc.; |oy) = 8jj. 

Let U v = U v (q) be the corresponding quantized enveloping algebra defined 
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over Q(u), see e.g. | Jan96] with generators E a , F a , K^ 1 , a G II and certain 
relations which can be found in chapter 4 of | IJan96l| . We define v a = 

(i.e. v a = v if a is a short root and v a = v 2 if a is a long root) and for n G Z, 

\n] v = v ~y_i . Let \n] a := \n] v = ——We omit the subscripts when it 

L J v — v L J L J “ v a —v a 

is clear from the context. For later use we also define the quantum binomial 
coefficients: For r € N and a G Z: 



[a] [a — 1] • • • [a — r + 1] 


where [r]! := [r][r — 1] • • • [2] [1]. Let A = Z[v,v and let Ua be Lusztigs A- 
form, i.e. the A subalgebra generated by the divided powers E^ := ■pqj—f E£, 

Fi n) := and K±\ a G II. 

Let q G C* = C\{0} be a nonzero complex number that is not a root of 
unity and set U q = Ua <S>a where C g is the A-algebra C where v is sent to q. 
We have a triangular decomposition of Lusztigs A- form Ua = 17J ®U\®U\ 

with = (^Fa^ \a. G II, n G G Ua , U\ = (^E^\a G II, n G G Ua and 
[ K ^' ,c ] \a G II, c G Z, r G where 


c 

r 


JL. k v c ~i + 1 — K~ l v~ c+ i~ l 
_ TT lx a v a u a 

3 =1 


7 —? 

Va ~ Va 


We have the corresponding triangular decomposition of U q : U q = U~ <&U q ®U q 
with U± = U^ C g and U q = U\ ®a C q . 

For a q G C* define [“] as the image of [“]^ in C g . We will omit the 
subscript from the notation when it is clear from the context, qp G C and 
[n]p G C are defined as the image of vp G A and \n]p G A , respectively abusing 
notation. Similarly, we will abuse notation and write [^“’ c ] also for the image 
of [ A “ ;c ] G U A in U q . Define for /i G Q , K fl = n”=i K a\ M = Ya=i with 
CLi G 

There is a braid group action on U v which we will describe now. We use the 
definition from |Jan961 Chapter 8]. The definition is slightly different from the 
original in ] Lus90 . Theorem 3.1] (see (Jan96i Warning 8.14]). For each simple 
reflection Si there is a braid operator that we will denote by T Si satisfying the 
following: T Si : U v —> U v is a Q(v) automorphism. For i ^ j G (1,..., n} 


T.i(K,) =K SiW 
T Si (E ai ) = - F ai K ai 
T Si (F ai ) - - K~lE ai 

3’ a i) 

T Si {E aj )= Y. (-1 yvjEjr-VE^E® 
2=0 

~{ a 3> a i) 

T Si (F aj )= Y E^E &"<>. 


The inverse T s 1 is given by conjugating with the Q-algebra anti-automorphism 
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U/ from | !Lus901 section 1.1] defined as follows: 


Hf(E ai ) = E ai , V(F ai ) = F ai , *(K ai ) = K~?, *( q) = q. 

The braid operators T Si satisfy braid relations so we can define T w for any w G 
W: Choose a reduced expression of w: w = Si x ■ ■ ■ Si n . Then T w = T Su ■ ■ ■ T Sin 
and T w is independent of the chosen reduced expression, see e.g. |Lus901 The¬ 
orem 3.2]. We have T w {K= K w ^y The braid group operators restrict to 
automorphisms Ua —> Ua and extend to automorphisms U q —> U q . 

Let M be a [/^-module and A : U q —> C a character (i.e. an algebra homo¬ 
morphism into C). Then 

M\ = {m G M\\/u G U°, um = A (tt)mj. 

Let X denote the set of characters U q —»• C. Since U q = CfAT^ 1 ,..., X^ 1 ] we 
can identify X with (C*) n by U q 9 A i->- (A (K ai ), ..., A (K a „)) G (C*) n . 

1.4 Basic definitions 

Definition 1.1 Let wt M denote all the weights of M, i.e. wt M = {A G 
X\M x ^0}. 

For fi G A and b G C* define the character by b^^Ka) = b^ a \ a G II. In 
particular for b = q we get q^^Ka) = qU\ a ) _ We sa y M on [y h as integral 
weights if \{K a ) G ±q^ for all A G wt M, a G II. 

There is an action of W on X. For A G X define w A by 

(w\)(u) = A (T w -i(u)) 


Note that wq M = q w (v). 

Definition 1.2 Let M be a U q -module and w G W. Define the twisted module 
W M by the following: 

As a vector space W M = M but the action is given by twisting with w -1 : 
For m G W M and u G U q : 


u ■ m = T w -i{u)m. 


We also define W M to be the inverse twist, i.e. for m G w M, u G U q : 

u ■ m = T~ x (u)m. 

Hence for any U q -module W ( W M) = M = W { W M). 

Note that wt w M = w{wtM) and that W ( W 'M) = ww 'M for w,w' G W with 
l(ww') = l[w ) + l(w') because the braid operators T w satisfy braid relations. 
Also W (^M) = 

Definition 1.3 We define the category T = as the full subcategory of 

U q — Mod such that for every M G J- we have 

1. M is finitely generated as a U q -module. 
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2. M = © AgY and dim M\ < oo. 

Note that the assignment M i->- W M is an endofunctor on T (in fact an 
auto-equivalence). 

Let wo be the longest element in W and let • • • Si N be a reduced expression 
of wq. We define root vectors Ep and Fp for any /3 £ <f> + by the following: 

First of all set 


(3j = Sil ■ ■ ■ for i = 

Then $+ = {/3i,..., /3n}- Set 

Epi = ^><1 ''' T aij _i {Ea i} ) 

and 

fyi = Ts 4l ‘ ’ ' (-Paq ) 

In this way we have defined root vectors for each /3 £ <f> + . These root vectors 
depend on the reduced expression chosen for wq above. For a different reduced 
expression we might get different root vectors. It is a fact that if [3 £ II then 
the root vectors Ep and Fp defined above are the same as the generators with 
the same notation (cf. e.g. | Jan961 Proposition 8.20]) so the notation is not 
ambigious in this case. By “Let Ep be a root vector” we will just mean a root 
vector constructed as above for some reduced expression of wq- 

2 Reductions 

We recall the following results from | Pedl5a j. 

Proposition 2.1 Let (3 be a positive root and Ep , Fp root vectors corresponding 
to /3. Let M £ T. The sets 1 = {to £ M\ dim (Ep) m < oo} and = 

{to £ M\ dim (Fp) m < oo} are submodules of M and independent of the chosen 
root vectors Ep, Fp. 

Proof. This is shown for Ep in Proposition 2.3 and Lemma 2.4 in Ped 1 da and 
the proofs are the same for Fp. □ 

Definition 2.2 Let M £ T. Let /3 £ <E>. M is called (3-free if = 0 and 
(3-finite if = M. 

Suppose L £ T is a simple module and /3 a root. Then by Proposition 12.11 
L is either /3-finite or /3-free. 

Definition 2.3 Let M £ F. Define Fm = {(3 £ $|M is ft-finite} and Tm = 
{(3 £ 4 >|M is /3-free }. For later use we also define F ^ := Fm D (—Fm) and 
:= Tm fl (—Tm) to be the symmetrical parts of Fm and Tm- 

Note that *I> = Fl U Tl for a simple module L and this is a disjoint union. 

Definition 2.4 A module M is called torsion free if Tm = 4>. 

Proposition 2.5 Let L £ T be a simple module and (3 a root. L is /3-free if 
and only if wt L C wt L. 
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Proof. Proposition 2.9 in |Pedl5aj . 


□ 


Proposition 2.6 Let L £ F be a simple module. Tl and Fl are closed subsets 
of Q. That is, if /3 ,7 £ Fl (resp. /?, 7 £ Tl) and /3 + 7 £ then /3 + 7 £ Fl 
(resp. /3 + 7 &T l ). 

Proof. Proposition 2.10 and Proposition 2.11 in [i Ped!5aj . □ 

Theorem 2.7 Let A £ A'. There is a 1 — 1 correspondence between simple U q - 
modules with weight A and simple (U q )o~modules with weight A given by: For V 
a U q -module, V\ is the corresponding simple (U q )o~module. 

Proof. Theorem 2.21 in |Pedl5aj . □ 

Theorem 2.8 Let L £ T be a simple U q (p)-module. Then there exists aw £ W, 
subalgebras U q (p),U q (l),U q (u),U q (u~) of U q with U q = U q (u~)U q (p), U q (p) = 
U q (i)U q (u) and a simple U q (V)-module N such that W L is the unique simple 
quotient ofU q (S>u (p) N where N is considered a U q (p)-module with U q (u) acting 
trivially. 

Furthermore there exists subalgebras Uf r ,Ufi n of U q { l) such that U q (V) = 
Uf r ®Ufi n and simple Uf r andUfi n modules Xf r andXfi n where Xfi n is finite 
dimensional and Xf r is torsion free such that N = Xfi n (&Xf r as aUf r ® Ufin- 
module. 

Uf r is the quantized enveloping algebra of a semisimple Lie algebra t = 
ti ® • • • © t r where ti,..., i r are some simple Lie algebras. There exists simple 
torsion free U q (U)-modules Xi = 1 ,... ,r such that Xf r == Xi (g) • • • <S> X r as 
U q ( ti) (g> • • • ® U q (tr)-modules. 

Proof. Theorem 2.23 in |Pedl5a| . □ 

So the problem of classifying simple modules in T is reduced to the problem 
of classifying finite dimensional simple modules and classifying simple torsion 
free modules of U q { t) where t is a simple Lie algebra. 

3 Ua calculations 

In this section we recall from |Pedl5b| some formulas for commuting root vectors 
with each other that will be used later on. Recall that A = Z[r,u -1 ] where v 
is an indeterminate and Ua is the A-subspace of U v generated by the divided 
powers E^ and F,'If 1 ' 1 , n £ N. 

Definition 3.1 Let x £ ( U q fy and y £ (C / g ) 7 then we define 

[x,y] q := xy - q-W^yx 

Theorem 3.2 Suppose we have a reduced expression of wq = ■ ■ ■ Si N and 

define root vectors Fp 1 ,... ,Fg N . Leti<j. Let A = Z[g, g -1 ] and let A' be the 
localization of A in [2] if the Lie algebra contains any B n ,C n or F 4 part. Then 

[Ffi ,. = Fp&i ~ Q- {Pt]Pi) F Pi F Pj £ span A , [f^ • • • } 
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Proof. [LS91L Proposition 5.5.2], A proof following [ DP93 1 Theorem 9.3] can 
also be found in [Pedl5bl Theorem 2.9]. □ 


Definition 3.3 Let u £ Ua and /? £ $+. Define ad (F^)(u) := [[. .. [w, Fp\ q ... ] q , Fp] q 

and &d(Fp)(u) := [Fp, [..., [Fp, u] q ... ]] 9 where the commutator is taken i times 
from the left and right respectively. 


Proposition 3.4 Let a £ N, u £ ( Ua) f i and r = (/a, /3 V ). In Ua we have the 
identities 




(i—a)(r+i) 


i =0 


=E(-D 


i v a(r+i)-i 


2=0 


Fp-* ad(Fg)(w) 

F“-^(F l p)(u) 


L*J 0 


Proof. Proposition 2.13 in ] Pedl5bl] , 


□ 


Let ... Si N be a reduced expression of uio and construct root vectors Fp t , 
i = 1,..., N. In the next lemma Fp i refers to the root vectors constructed as 
such. In particular we have an ordering of the root vectors. 

Lemma 3.5 Let n £ N. Let 1 < j < k < N. 

ad(i%)(f£) = 0 and 5(F^)(^) = 0 for i » 0 . 

Proof. Lemma 2.16 in |Pedl5b| . □ 


4 Ore localization and twists of localized modules 

In this section we present some results towards classifying simple torsion free 
modules following jMatOOj . 

We need the equivalent of Lemma 3.3 in [MatOO] . The proofs are essentially 
the same but for completeness we include most of the proofs here. 

Definition 4.1 A cone C is a finitely generated submonoid of the root lattice 
Q containing 0. If L is a simple module define the cone of L, C(L), to be the 
submonoid of Q generated by Tf. 

Lemma 4.2 Let L £ F be an infinite dimensional simple module. Then the 
group generated by the submonoid C{L) is Q. 

Compare [MatOO] Lemma 3.1 

Proof. First consider the case where Tl H (— Fl ) = 0. Then in this case we 
have = Tf U F[. We claim that T£ and F[ correspond to different connected 
components of the Dynkin diagram: Suppose a £ Ff is a simple root and 
suppose a' £ II is a simple root that is connected to a in the Dynkin diagram. 
So a+a' is a root. There are two possibilities. Either a+a' £ F/\ or a+a' £ Tl. 
If a + a' £ Fl'- Since Ff is symmetric we have — a £ F[ and since Fl is closed 
(Proposition 12.61) a' = a + a' + (—a) £ Fl- If a + o' £ Tl and a' £ Tl then 
we get similarly a £ Tl which is a contradiction. So a' £ Fl- We have shown 
that if a £ Fl then any simple root connected to a is in Fl also. So Fl and 






















Tl contains different connected components of the Dynkin diagram. Since L is 
simple and infinite we must have $ = T[ and therefore C(L) = Q. 

Next assume Tl 0 (— Fl) ^ 0. By Lemma 4.16 in [Fer90| Pl =T[ U Fl and 
Pjf = Tl U FI are two opposite parabolic subsystems of <f>. So we have that 
Tl 0 {—Fl) and (— Tl ) fl Fl must be the roots corresponding to the nilradicals 
O* of two opposite parabolic subalgebras p 1 * 1 of g. Since we have g = t> + + + 

[o + , 0 - ] we get that Tl fl (— Fl ) generates Q. Since C(L) contains Tl fl (— Fl) 
it generates Q. □ 

We define p and 5 like in MatO O Section 3]: 

Definition 4.3 Let x > 0 be a real number. Define p(x) = CardB(j:) where 
B(x) = {/i£ Q\y/{p\n) < x} 

Let M be a weight module with support lying in a single Q-coset, say q® A := 
£ Q}. The density of M isS(M) = lim inf :r ^. 00 p(a:) _1 X^eBO) dimM g **A 
For a cone C we define 5(C) = liminf a; _ >00 /3(a;) _1 Card(C H B(x )) 

Lemma 4.4 There exists a real number e > 0 such that 5(L ) > e for all infinite 
dimensional simple modules L. 

Proof. Note that since q c ( L ) A C wtL for all A G wt L we have 5(L) > 8(C(L)). 

Since C(L) is the cone generated by Tl and Tl C 4* (a finite set) there can 
only be finitely many different cones. 

Since there are only finitely many different cones attached to infinite simple 
dimensional modules and since any cone C that generates Q has 5(C) > 0 we 
conclude via Lemma [4.21 that there exists an e > 0 such that 5(L) > e for all 
infinite dimensional simple modules. □ 

Definition 4.5 A module M £ F is called admissible if its weights are con¬ 
tained in a single coset of X/qQ and if the dimensions of the weight spaces 
are uniformly bounded. M is called admissible of degree d if d is the maximal 
dimension of the weight spaces in M. 

Of course all finite dimensional simple modules are admissible but the inter¬ 
esting admissible modules are the infinite dimensional simple ones. In particular 
simple torsion free modules are admissible. We show later that each infinite di¬ 
mensional admissible simple module L gives rise to a ’coherent family’ £XT(L) 
containing at least one torsion free module and at least one simple highest weight 
module that is admissible of the same degree. 

Lemma 4.6 Let M £ F be an admissible module. Then M has finite Jordan- 
Holder length. 

Proof. The length of M is bounded by A + 5(M)/e where A = dimM^ 

and Y = {v £ X\v = aq 11 , \ (p,, a v ) < l,a(K a ) £ {±1} for all a £ II}. 
Check jMatOOl Lemma 3.3] for details. Here we use the fact that finite di¬ 
mensional simple quantum group modules have the same character as their 
corresponding Lie algebra simple modules. This is proved for transcendental q 
in [Jan96l Theorem 5.15] and for general non-roots-of-unity in | IAPW91] Corol¬ 
lary 7.7], □ 

Lemma 4.7 Let p be a positive root and let Fp be a corresponding root vector. 
The set {F^\n £ N} is an Ore subset ofU q . 
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Proof. A proof can be found in |And03lj for (3 a simple root. If [3 is not simple 
then Fg is defined as T w (F a ) for some w & W and some a G II. Since S := 
{Fff\n G N} is an Ore subset of U q we get for any n G N and u G U q that 

FffU q nuS^Q). 

Let u' G U q and set u = T~ 1 (u 1 '), then from the above 

0 ± T w (F™)T w {U q ) n T w (u)T w (S) = F£U q n u'T w {S). 

Since T W (S) = {Fg\n G N} we have proved the lemma. □ 

We denote the Ore localization of U q in the above set by U q ( Fp )- 
Lemma 4.8 Let p be Laurent polynomial. If 

p(q r \...,q r ") = 0 


for all ri,... ,r n G N then p = 0. 


Proof. If n = 1 we have a Laurent polynomial of one variable with infinitely 
many zero-points so p = 0. Let n > 1, then for constant ri G N, p(q ri 
is a Laurent polynomial in n — 1 variables equal to zero in ( q r2 ,..., q Tn ) for all 
r' 2 ,.. •, r n G N so by induction p(q ri , C 2 ,..., c n ) = 0 for all C 2 ,..., c n . Now for 
arbitrary C 2 .....c n G C* we get p(—, C 2 ,..., c n ) is a Laurent polynomial in one 
variable that is zero for all q ri , q gN hence p(ci,..., c n ) = 0 for all ci G C*.D 


The next lemma is crucial for the rest of the results in this paper. We will 
use this result again and again. 

Lemma 4.9 Let (3 G <1> + and let Fg be a corresponding root vector. There 
exists automorphisms TFp,b '■ U q ( F p) —>■ U q (F p ) for each b G C* such that 
ip Fp q i{u) = Fg l uFg for i G 2 and such that for u G U t2 (f p ) the map C* —»• 
U q (Fp)> b i->- ipFp,b{u) is of the form b p(b) for some Laurent polynomial 
p G U q (F p ){X,X~ 1 ]. Furthermore for b, b' G C*, ip Fp ,b ° =Tf p m / - 


Proof. We can assume (3 is simple since if Fg = T w (F a ' ) for some a' G II then 
we can just define the homomorphism on T w ( E a ), T w ( 1 ). T w {F (x ) for a G II 
i.e. in this case we define <pFp,b(u) = T w (q) a gi > (T~ 1 ( u))) where we extend T w to 
a homomorphism T w : U q ( Fa ,) U q {F p ) by T^Fff, 1 ) = Fg 1 . 

So f3 is assumed simple. For b G C* define bg = i.e. bg = b if f3 is 

short and bg = b 2 when (3 is long. We will define the map on the generators 
E a , K a , F a for a G II. If a = (3 the map is defined as follows: 


TFpAEg 1 ) =*f 1 
VFpAKf 1 ) =hfKf 


ipFp,b{ E h) = E 0 + F p 1 


(bg bg )(qgbg Kg qg bgKg ) 
(<373 - qg 1 ) 2 
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Assume a/^ 8 . Let r = (a,/3 v ). Note that ad(Fg r+ 1 )(F a ) = 0 because this 
is one of the defining relations of U q . We define the map as follows: 




1 -t _ 7-l„t-l 


°/9 Qp 


i—0 


t=1 


Vp-Qp* 


-F^ad^XF* 


^>, b (A«) =&^ r A« = 6 -( q I«/v q 

^-F ( 0,b(-^'Q:) — Ecf 


Note that if 6 = qi for some j £ Z then TT! , bf3g/3 —— = R1 .. Since the 

map 6 i—>■ ipFp,b{u) is of the form b H>■ Pi{fi) u i with pi Laurent polynomial 

in b for each generator of U q it is of this form for all u £ U q . It’s easy to check 
that <PFp,b(u) = Fp l uFp when b = q l , i £ N. So <fF p ,b satisfies the generating 
relations of U q for b = q l , i £ N. By Lemma l4~51 <p r p h must satisfy the generating 
relations for all b £ C. 

Consider the last claim of the lemma: Let u £ U q , then by the above b M- 
ipF/,,b(u) is a Laurent polynomial and so b H > <Pf p ,w{u) and c pF p ,b{ l PF p ,b'( , u 0) f° r 
a constant b' £ C* is a Laurent polynomial as well. Now we know from above 
that for b' = q J for some j £ Z and i £ Z: 


VFprf ° VF p ,b‘{u) =Fp l F p J uF 3 p F l p 
=Fp i ~ j uF l p +j 
=( PF p ,q*qi(u) 

So <4>F[ i ,b{}PFf l ,qi{ u y) = ( PF p ,bqi( u ) for all b £ C* since both sides are Laurent 
polynomials in b and they are equal in infinitely many points. In the same way 
we get the result for all b' £ C. □ 


Note that if /3 is long then the above automorphism is a Laurent polynomial 
in b 2 . So if bf = b% for bi,b 2 £ C* then ipF p ,b i = t fF p ,b 2 - We could have defined 
another automorphism ip' F b := ip Ffj b 2 /( P \ P ) and proved the lemma above with 

the modification that (p' F ^ qi (u ) = F^uFp. The author has chosen the first 
option to avoid having to write the f3 in qp all the time in results like Lemma [4.12l 
and Corollary 14.201 On the other hand this choice means that we have to take 
some squareroots sometimes when doing concrete calculations involving long 
roots see e.g the proof of Lemma 15.111 The choice of squareroot doesn’t matter 
by the above. 

We can use the formulas in Section [3] to find the value of (pF p ,b(Fpi) and 
<PF p ,b(Epi) for general root vectors Fp, Fp> and Ep<, /3,/3' £ 4>+. 

Proposition 4.10 Let ... Si N be a reduced expression of wq and define root 

vectors Fp t ,..., Fp N and Ep t ,..., Ep N using this expression (i. e. Fp j = T Sii ... T Si (. F ai ) 
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and Epj = T Sii ... T Si i ( E ai )). Let 1 < j < k < N and set r = (fik, Pj)- 


^,«)=Ec +i) r ! n 


i(nr+i) h -nr->T T 9ft. V 


2>0 


£=1 
i 1 —t 


4 - W 


^7 ad (^)(^”) 


^ w^(-o^r ri qpk y Jt b0k Fp>^km) 

9ft q 0k 


i> 0 


n 

2>0 £=1 
2 

^ fc , b (^.)=E 6 7 n 


t=i 


9ft - 9ft ^ft 

t _ ~t Pi Ui 


9ft - q Pj 


i „1—£ l _£—U-1 

ORu ~ Qa. 0 


9ft D ft 9ft °p k p-i~ 

n t _ _-t ^ft Ui 


i> 0 t=l 


9ft 


/or some ft, ft € U q (independent of b) such that Ui = Ui = 0 for i 0. In 
particular for any j, k £ {1,..., N}: 

<PF Pj ,-i OFft) = (-1 ) ( ^ } Fft 

(pFp v -i{Ep k ) = Ep k . 

Note that the sums are finite because of Lemma 13.51 
Proof. By Proposition 13.41 we have for any a £ N 


=£< 


(i-a)(nr-\-i) 


2=0 


^r ad (4)(^j 


E i(nr+i) —a(nr+ 2 ) l | 

9ft 9ft j_i 


2=0 


2 1—£ a £—1 —a 


!j j /- J / 

9ft ^ 9ft 




Here we use the fact that [“] „ = 0 for i > a. So 


i o n 

i{nr+i) -a(nr+i) TT ^ft ^ft 


TP—a pn pa _ Y"'' i( nr +*) „- a (« 1 '+ i ) TT 

^ft *ft*ft -2^ 9ft 9ft 11 


7 t_1 0 _a 

9ft 9ft 


F ft ad ( F ft)( F ft)- 


i>0 


t=l 


Now using the fact that ^F p ., q a {Fp k ) = Fp. a Fp k Fp., the fact that ’PFp.,b{F^ k ) 
is Laurent polynomial and Lemma 14.81 we get the first identity. The second 
identity is shown similarly by using the second identity in Proposition 13.41 
To prove the last two identities we need to calculate Fp a Ep k Fjf. (resp. 
Fp*Efi Fjf h ) for any a G N. Let w = s i± ■ ■ ■ s ii _ 1 and w' = s ij+1 ■ ■ ■ s* k _ 1 . Then 
Ep j = T w (E aij ) and Fp k = T w T Si ,T w >(F aik ). 

E Pi F p k = T - (E ai T Si T w ,(FZ ik )) 

=T w T Si . (-K-lF^T^F^j) . 


2 j n a mi °mj — i 


Expand s 1} ■ ■ ■ Si N from the right to a reduced expression s. 
of wq. Do the same with Sj. +1 • • • Si N s mi ■ ■ ■ s rrlj _ 1 to get a reduced expres- 

. We claim that if we use the reduced expression 


sion s 


l j+ i ' ' ' s ii v s m i 
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s ij+i ''' Si N s mi ■ ■ ■ Smj to construct roots ..., (3' N and root vectors F^, then 
F'a, = T s •••T s . T s ■ ■ - T s (F a ) = F a . . This is easy to see since 
(3' n is positive but = wo(a mj ) < 0. We have T w r(F£. k ) = Fp, . Since 

k — j < N we can use what we just calculated above: (set d = k — j) 




i(r+i) -a(r+i) 


n gy ?I 


i> 0 


q k~ q k 


SO 


F i: E e,n* =v~T, lt e«£ + VII 


,*( r +0„—ai 7T q F d q P' d Qp'd q F d jpl—i 

d 


d k>d 

2>0 t= 1 


^F-ad(^)(F^) . 


This shows the third identity. The fourth is shown similarly. 

Setting b = —1 in the above formulas we get the last claim of the proposi¬ 
tion. □ 


Definition 4.11 Let M be a U q ^p p y module. We define a new module 
(with elements pF p y.m, m £ M) where the module structure is given by com¬ 
posing with the above automorphism PF p ,b- ~ i-e. uipp Pi b-m = pF P: b-TF p y(u)m 
for all u £ U q fp g), m £ M. 

Note that wt yp p y.M = b~P wt M where b~^ is the character such that b~^(K a ) = 

fr-(«l/3) f or a g n. 

The homomorphisms from Lemma 14.91 preserve degree so we can restrict to 
(Uq(F P ))o which we will do in the next lemma. The twist of a (/7 9 (^))o“ mo dule 
is defined in the same way as the definition above, ft is an important fact of 
these twists that they do not neccesarily preserve simplicity of [/ g -modules: If L 
is a U q (p p y module that is simple as a t/ g -module then Pf p j,.L can be nonsimple 
as a [/^-module for some b £ C*, see e.g. Lemma T4. 2 31 

Lemma 4.12 Let M be a U q (p p ymodule. Let i £ Z. Then 

= M 


as U q (p p ymodules. Furthermore for A £ wt M we have an isomorphism of 
(U q (Fp))o~modules: 

VFptf-M a = M q -if< x . 


Proof. The isomorphism in both cases is given by p Fp q i -nr | —t Ffom, p>F p ,q*-M —> 
M. The inverse is given by multiplying by Ffi 1 . By Lemma 14.91 For u £ 
U q(F p ), nr £ M; p Fp ^ q i{u) = F^uF l p so up Fpyqi .m = ip Fptqi .FpuFfrm >->• 
FpFp’uFpm = uFpiri. Thus the given map is a homomorphism. □ 

Definition 4.13 Let E C < f >+ . Then E is called a set of commuting roots if 
there exists an ordering of the roots in E; E = {/3i,..., fi s } such that for some 
reduced expression of wq and corresponding construction of the root vectors Fp 
we have: [Fp j , Fpf\ q = 0 for 1 < i < j < s. 

For any subset I C II, let Qi be the subgroup of Q generated by I, 4>/ the 
root system generated by I , = $ + f~l 4>/ and & J = — 4>j“. 
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The following three lemmas have exactly the same proofs as their counter¬ 
parts l |Ped!5al Lemma 5.6], |Pedl5al Lemma 5.22] and ]Pedl5al Lemma 5.23]) 
in the root of unity case in IVd 15a . We include the proofs here as well for 
completeness. 

We have the following equivalent of Lemma 4.1 in |MatOOI| : 

Lemma 4.14 1. Let I C II and let a £ I. There exists a set of commuting 

roots S' C d 1 ) - with at? such that E' is a basis of Qi. 


2. Let J, F be subsets of II with F ^ II. Let E' C $j\d>j" nF be a set of 
commuting roots which is a basis of Qj. There exists a set of commuting 
roots E which is a basis of Q such that E' C E C d> + \d>J. 

Proof. The first part of the proof is just combinatorics of the root system so 
it is identical to the first part of the proof of Lemma 4.1 in [i MatOO ]: Let us 
first prove assertion 2.: If J is empty we can choose a £ II\F and replace J 
and E' by {a}. So assume from now on that J ^ 0. Set J' = J\F, p = | J'|, 
q = | J|. Let ... ,Jk be the connected components of J and set J[ = J' 0 Ji, 
Fi = F fl Ji , and E' = E fl '!>./,, for any 1 < i < k. Since E' C d>j is a basis 
of Qj , each E' is a basis of Qj 4 . Since E' lies in \d>J., the set J[ = Jf\Fi 
is not empty. Hence J' meets every connected component of J. Therefore we 
can write J = {aq,..., a q } in such a way that J' = {aq,..., a p } and, for any s 
with p + 1 < s < q, a s is connected to oq for some i < s. Since n is connected 
we can write n\J = {a q +i ,..., a n } in such a way that for any s > q + 1, a s is 
connected to oq for some i with 1 < i < s. So n = {aq,..., a n } such that for 
s > p we have that a s is connected to some cti with 1 < i < s. 

Let E' = {/3i,..., /3 q }. We will define f3 q+ 1 ,..., /?; inductively such that for 
each s > q, {/?i,..., (3 S } is a commuting set of roots which is a basis of d>r ai) 

So assume we have defined /3q,..., (3 S . Let w s be the longest word in s ai ,..., s aa 
and let u> s +i be the longest word in s ai ,..., s aa+ i • Choose a reduced expression 
of w s such that the corresponding root vectors {Fp k }| =1 satisfies [Fp ., Fp t ] q = 0 
for i < j. Choose a reduced expression of w s +i = w s w' starting with the 
above reduced expression of w s . Let N s be the length of w s and _/V s+ i be the 
length of w s +i. So we get an ordering of the roots generated by {aq,..., a s +i}: 

,.,a s+1 } = -hr • ■ ■ ,7JV„7JV.+1. • ■ • ,7JV S+1 } With $+ ai) as} = { 71 , ■ • ■ ,7ivJ. 
Consider 7 at s +i = w s (a s +i). Since w s only consists of the simple reflections 
corresponding to aq,..., a s we must have that 7 jv s +i = c* s +i + Xq=i m i a i f° r 
some coefficients m, S N. So {/3q,..., /3 S , 7jv s +i} is a basis of ${ ai ,...,a s+1 }. From 
Theorem 13.21 we get for 1 < i < s 


[F 1Ns+1 , Fp t ] q £ span c {F™° ■ ■ • F% | 0i £ N}} 

But since { 71 ,... ,7 n b } = an d since 7jv s +i = a s+ i + Xq =1 m i a i we 

get [P 7 J v s+ 1 ,F>J 9 = 0 . 

All that is left is to show that 7jv s +i ^ d>^. By the above we must have that 
a s +i is connected to some a, £ J'. We will show that the coefficient of on in 
7 iv s +i is nonzero. Otherwise ( 7 jv s+ i|ai) < 0 and so 7 jv a +i + £ d>{ aij ... iQ , s+1 } 

and by Theorem 1 in |Pap94| , 7 at s +i + a, = 7 j for some 1 < j < s. This is 
impossible since 7 at s +i + aq ^ d>{ ai iQ , s }. So we can set /3 s +i = 7 at s +i and the 
induction step is finished. 

To prove assertion 1. it can be assumed that I = n. Thus assertion 1. follows 
from assertion 2. with J = {a} and F = 0. □ 
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Lemma 4.15 Let L £ F be a simple module. Then there exists a w £ W such 
that w(Fl\F[) C <£ + and w(Tl\T[) C 4>~. 


Proof. Since L is simple we have <1> = Fl U Tl. By Proposition 12.61 Ft and Tl 
are closed subsets. Then Lemma 4.16 in [ Fer90] tells us that there exists a basis 
B of the root system $ such that the antisymmetrical part of Fl is contained 
in the positive roots corresponding to the basis B and the antisymmetrical 
part of Tl is contained in the negative roots corresponding to the basis. 
Since all bases of a root system are VP-conjugate the claim follows. □ 

Lemma 4.16 Let L he an infinite dimensional admissible simple module. Let 
w £ W be such that w(Fl\F[) C 4> + . Let a £ II be such that —a £ w{Tl) 
(such an a always exists). Then there exists a commuting set of roots E with 
a £ E which is a basis of Q such that —E C w(Tl)■ 

Proof. Set L' = W L. Since w(Tl) = Tw L = Tl> we will just work with L'. 
Then F l >\F[, C <I>+. 

Note that it is always possible to choose a simple root a £ —Tl> since L' 
is infinite dimensional: If this was not possible we would have C Fl>- But 
since Fl'\F[, C 4> + this would imply Fl = 4>. 

Set F = F[, nil. Since L' is infinite dimensional F ^ II. By Lemma f4.141 2. 
applied with J = {a} = E' there exists a commuting set of roots E that is a basis 
of Q such that E C 4> + \<I>J. Since Fl'\F[, C 4> + we have = Tfi, U (F[,)~. 
To show -E C T l > we show n F[, = 0 or equivalently ( F [,)" C 4)^. 

Assume ft £ F[, n $ + , (3 = X] Q en a « a > a « e The height of /3 is the sum 
]Caen a a- We will show by induction on the height of f3 that —fi £ 4>jb If the 
height of (3 is 1 then (3 is a simple root and so (3 £ F. Clearly — (3 £ 4>^ in this 
case. Assume the height of /? is greater than 1. Let a' £ II be a simple root 
such that (3 — a' is a root. There are two possibilities: —a' £ Tl' or ±a' £ F[,. 

In the first case where —a' £ T^ we must have —/3 + a' £ F[, since if 
—(3 + a' £ Tl then —ft = (—/3 + a') — a' £ Tl>. So f3 — a' £ F[, and (3 £ F[,. 
Since Fl> is closed IProposition 12.61) we get — a' = (/3 — a') — (3 £ Fl which is 
a contradiction. So the first case (— a' £ Tl>) is impossible. 

In the second case since Fl' is closed we get ±(/3 — a') £ Fl' he. (3 — a'£ F[,. 
By the induction —(/3 — a') £ 4>^ and since —/3 = — (/3 — a') — a' we are done.D 

Proposition 4.17 Let E = {/?i,... ,/3 r } be a set of commuting roots. The set 
{q a Fj)( ■ ■ ■ Fpf\ai £ N, a £ Z} is an Ore subset of U q . 

Proof. We will prove it by induction over r. r = 1 is Lemma 14.71 

Let S r = {q a Fp( ■ ■ ■ Fp(\ai £ N, a £ Z}. Let ai,..., a r £ N, a £ Z and 
u £ U q , then we need to show that 


q a F«i... F £U q nuS r ^Q. (1) 

and 

U q q a F“( ■ • • Ffc C S r u ± 0. (2) 

By Lemma f l. 71 there exists u £ U q and b £ N such that 

F£u = uF$ r . (3) 
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By induction 


q a F£ • • • U q n uS r _! ^ 0 


q a F$;F“i • • • u q n F%uS r -i ± 0 

Since E is a set of commuting roots F^ r F^ ■ ■ ■ Fp r ~* = q k F■ ■ ■ F^ r ~}F^ r for 
some k £ Z. Using this and (0 we get 

0 q a + k F;i • • • F£U q n uF^Sr^ C q a Ffc ■ ■ ■ F£U q n w5 r 

where Fa S r -1 C SV because q-commutes with all the other root vectors. 
m is shown similarly. □ 

Lemma 4.18 Let v £ X and let E = {fi \,..., fi n } be a basis of Q. Then there 
exists b = (bi,, b n ) £ (C*) n such that 

v = b{^---b^ 

and there are only finitely many different b £ (C*) n satisfying this. 

Proof. If 71,72 £ X satisfy 71 (Kpfi = 72 {Kpf) for * = 1 ,..., n then 71 = 72 be¬ 
cause {fi \,..., / 3 n } is a basis of Q. Since for a\,a n £ C*, a^a ^ 2 • • • a^ n (Kpfi = 
offidhL)offiAh?) ... gtPdPri) we jj ave so i ve the system in n unknown variables 

X\ 5 ... 5 X n . 


(f3 1 \(h)J(3i\p2) 


=v(K Pl ) 

AMPl)A02\02) 

*^2 

.. r (MPn) 


x 2 

,. r (/3»|/3n) 

=v(K 0 J 


Let Cj £ C, j = 1,. .. , n be such that v{Kp.) = e Cj . There is a choice here since 
any Cj + 2kiri, k £ Z could be chosen instead. Consider the linear system in n 
unknowns X±,..., X n 

(fii\fii) A'i + (fifififi) A2 • • • (fil\fin) A n =Cl 

(fi 2 \fil) Ail + (^ 2 ^ 2 ) A*2 • • • {fi 2 \fin) X n =C2 


(fin\fil) ATl + (fin\fi 2 ) X 2 ■ ■ ■ (fi n \fi n ) X n =C n . 

This system has a unique solution a±, ..., a„ £ C since the matrix ((fii\fij))i,j 
is invertible. So 27 = e ai is a solution to the above system. Any other solution 
to the original system corresponds to making a different choice when taking the 
logarithm of So another solution would be of the form 27 = e ai+a,i 
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where a\, i = 1 ,..., n is a solution to a system of the form: 


{fiilfii) -Xi + {Pi |/^2) X 2 ■ • • {fillfin) X n —2kini 
{fi 2 \fil) Xi + {p2 |/^2 ) X 2 ■ ■ ■ {p2\fin) X n =2k2TT‘i 


{finlfil) Xi + {fi n \fi 2 ) X 2 ■ • ■ {finlfin) X n =2k n 7Tl. 

for some k ±,..., k n G Z. Since A = {{fii\fij))i,j is a matrix with only integer co¬ 
efficients we have A~ l = dc }^ A for some A with only integer coefficients. So the 
solution to the system above is integer linear combinations in i = 1 ,... ,n 

hence {(e a i,..., e°»)|(a},..., a ! n ) is a solution to the above system} has fewer 
than n det A elements so it is a finite set. □ 


In the next definition we would like to compose the </j’s for different fi. In 
particular let E = {fi \,..., fin} be a set of commuting roots and F 'p x ,..., Fp n 
corresponding root vectors. Let Fg := { q a F■ ■ ■ F^\ai G N, a G Z} and let 
U q (p E -) be the Ore localization in Fp,. For i < j we have 


F^F 0 .F^ = q- k WMF Pj 

or equivalently (p Fpitq k{Fp j ) = {q k ) This implies <PF ei ,b{ F Pj) 

I for 6 £ C* because b P>f p ,h{Ff),j ) is Laurent polynomial. Sim¬ 
ilarly ipFp ,b{ F ( 3 i ) = b^^Fp i . This shows that we can define pF fi ,b{Fp, 1 ) = 

PFfi,b{Fpi)~ l for fi, fi' GY, extending <PF p ,b to a homomorphism U q (p s ) —>• Uqip-s)- 
Also note that the ip's commute because 


p-fci p-k 2 pk 2 pfci _ k 1 k 2 (0 i \Pj) p~k 2 p~ki -kik 2 (Pi\Pj) pk i pk 2 

c /?, r B a ur p j r p i ~y r a, r a, “y r a, r a. 


— p~k 2 p-ki pk\ pk 2 


Definition 4.19 Let E = {fii,...,fi r } be a set of commuting roots and let 
Fp 1 ,..., Fp r be corresponding root vectors such that [Fp j , Fpf\ q = 0 for i < j. Let 
Uq(Fv) denote the Ore localization ofU q in the Ore set F% := { q a Fg} ■ ■ • F^f\ai G 
N,a G Z}. Said in words we invert Fp for all fi G E. 

Let M be a U q -module. We define Mp s to be the U q (F s ) -module U q (F s )®u q M . 
Let b = ( 61 ,..., b r ) G (C*) r . Then for a U q (F s )-module N we define ip Fs ,b-X 
to be the twist of the module by <p Fp bj. 0 ■ • ■ o PF Pr ,b r - 

For i = {i\,... ,i r ) G Z r define q 1 = ( q 11 ,..., q lr ) G (C*) r and q zr = {g'|i G 
Z ? } c (C*) r . 

For b = ( 61 ,..., b r ) G (C*) r we set b s := b f 1 • • • G A'. If E is a basis 
of Q then the map b 1 —>• b s is surjective by Lemma \ f.l8\ but not neccesarily 
injective. 


Corollary 4.20 (to Lemma 14.121) Let E be a set of commuting roots that is 
a Z basis of Q, let F s be an Ore subset corresponding to E, let M be a U q (p s )- 
module and let i = {ii ,..., i n ) G Z". Then 


l P F s,g i -M — M 
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as U q (p s ymodules. Furthermore for A £ wt M we have an isomorphism of 
(U q (F s ))o~modules: 

VFv, q >-M a = M( ? _ ,)S A = M q -,, A 

where p = J2j= 1 ijPj- 

Proof. The corollary follows from Lemma f4.121 because E is a Z basis of Q. □ 

Definition 4.21 Let L be an admissible module of degree d. The essential 
support of L is defined as 

Supp ess (L) := {A £ wtT| dimL^ = d} 


Lemma 4.22 Let M be an admissible module. Let E C 4> + be a set of com¬ 
muting roots and a corresponding Ore subset. Assume —E C Tm- Then for 
X £ X: 

dim(MF s )A = max {dim 

and if dimM\ = max^gzsIdimM^A} then ( Mp s )\ — M\ as ( U q )o~modules. 

In particular if E C Tm as well then Mp s = M as U q -modules. 

Compare to Lemma 4.4(ii) in MatOO . 

Proof. We have E = {/3i, ... ,(3 r } for some /3i,..., (3 r £ <f>+ and corresponding 
root vectors Fp 1 ,... ,Fp r . Let A £ X and set d = max Me zi;{dimM g (xA}- Let V 
be a finite dimensional subspace of (Mp s ) a- Then there exists a homogenous 
element s £ Te such that sV C M. Let v £ ZE be the degree of s. So sV C 
M q v\ hence dimsP < d. Since s acts injectively on Mp s we have dimP < d. 
Now the first claim follows because Fp 1 acts injectively on Mp s for all /? £ E. 

We have an injective t/ g -homomorphism from M to Mp s sending m £ M to 
1 ® to £ Mp s that restricts to a (/7 9 )o-homomorphism from M\ to (Mp^) a- If 
dimMA = d then this is surjective as well. So it is an isomorphism. The last 
claim follow because ±E C Tm implies dimMA = dimM^A f° r an Y M G so 
M\ = (Mp s ) a for any A £ X. Since M is a weight module this implies that 
M = Mp s as t/ g -modules. □ 

Lemma 4.23 Let L be a simple infinite dimensional admissible module. Let 
/3 £ (T£)"t. Then there exists a b £ C* such that ipp p ^.Lp p contains a simple 
admissible U q -submodule L' with Tp, (ZTp and fl ^Tp. 

Proof. Since 8 £ T£ we have L = Lp p as t/ g -modules by Lemma T4. 221 So we 
will consider L as a f/q^^j-module via this isomorphism when taking twist etc. 

Let Ep and Fp be root vectors corresponding to /3. Let A £ wt L. Consider 
FpEp as a linear operator on L\. Since C is algebraically closed FpEp must 
have an eigenvalue cp and an eigenvector v £ L\. By (the proof of) Lemma 14.91 

FpEp<p Ffj}b .v = ipFp i b-(cp — (qp—qp 1 )- 2 (bp—bp 1 )(qpbp 1 X(Kp)—qp 1 bpX(Kp)- 1 )v. 

The Laurent polynomial, in 6, cp — (q-q~ l )-' 2 (bp—bf i 1 )(bpX(Kp)~bpX(Kp 1 )) 
has a zero point c £ C*. 
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Thus contains an element v' such that FpEpv' = 0 and since Fp 

acts injectively on ipp^^-L, we have Epv' = 0. Set V = {m G LpFp,c-L\Ep m = 
0 ,N >> 0} = ((pFp tC .L)[P]. By Proposition 12.11 this is a t/ q -submodule of the 
[/^-module ipp^ tC .L. It is nonzero since v' G V. By Lemma |4.6I F has a simple 
?7 g -submodule L'. 

We want to show that Tj/ C Tp. Assume 7 G Tjj . Then cp 1 wtL' C wtL'. 
But since wt L' C c _/3 wtL we get for some r G wt L, q NT c _/3 i/ C c _/3 wtL or 
equivalently C wtL. But this shows that 7 ^ Fj J and since L is a simple 
C/g-module this implies that 7 G Tp. By construction we have (3 fL Tpr. □ 


5 Coherent families 

For a I/g-module Me / define TV M : X x (U q ) 0 —» C by Tr M (A,u) = Ttu|m*- 

Lemma 5.1 Let M,N G F be semisimple U q -modules. If Tr M = Tr' v then 
M = N. 

Proof. Theorem 7.19 in [LamOl ] states that this is true for modules over a 
finite dimensional algebra. So we will reduce to the case of modules over a finite 
dimensional algebra. Let L be a composition factor of M and A a weight of L. 
Then the multiplicity of the I/ g -composition factor L in M is the multiplicity 
of the (Ug)o-composition factor L\ in M\ by Theorem 12.71 M\ is a finite 
dimensional ({/ g )o-module. Let I be the kernel of the homomorphism (U q )o —> 
Endcd-M^) given by the action of (U q ) 0 . Then ( U q )o/I is a finite dimensional 
C algebra and M\ is a module over ( U q )o/I. Furthermore since Tr M (A,it) = 0 
for all u G I the trace of an element u G (U q )0 is the same as the trace of 
u +1 G (U q )o/I on M\ as a (I/ g )o//-module. So if Tr M = Tr' v the multiplicity 
of L\ in M\ and N\ are the same and hence the multiplicity of L in M is the 
same as in AT. □ 


We will use the Zariski topology on (C*) ra : V is a closed set if it is the 
zero-points of a Laurent polynomial p G • ■ •, 

Proposition 5.2 Let L be an infinite dimensional admissible simple module of 
degree d. Let E be a set of commuting roots that is a basis of Q and w G W such 
that —E C w(Tl). Let Fs be a corresponding Ore subset. Let A G Supp ess (L). 
The set 

{b G (C*)”| w b- (( wl )f s ) w ( a)) is a sim P le (U q )o-module} 


is a Zariski open set of (C*) ra . 


Proof. The ({7 9 )o-module V := w (^f s . b- ((*" L ) Fs )is simple if and only 


if the bilinear map B^u^v) G (U q ) 0 x {U q )o e-t Tr 

has maximal rank d 2 : The map factors through Elide (F) x Elide (F) given by 
the representation (U q )o —> Endc(F) on F. Bb has maximal rank d 2 if and only 
if the representation is surjective onto Endc(F) which is equivalent to F being 
simple. 
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For any finite dimensional subspace E C (U q ) o, the set fl F of all b such 
that i?b|_e has rank d 2 is either empty or the non-zero points of the Laurent 
polynomial det M for some d 2 x d 2 minor M of the matrix (£?b(ej, e :j )) ; . where 
{ei} is a basis of E. Therefore f l = UeOe is open. □ 

For a module M that is a direct sum of modules of finite length we define 
M ss to be the unique (up to isomorphism) semisimple module with the same 
composition factors as M. 

Lemma 5.3 Let L be an infinite dimensional simple admissible U q -module of 
degree d, w £ W and E = {fii,...,/3 n } C < f> + a set of commuting roots that 
is a basis of Q such that — E C w(T F ). Let be a corresponding Ore subset 
to E. Let c £ (C*) ra and let L' be another infinite dimensional U q -module such 
that L' is contained in w (^PF^.c-lf 1 L) Fs ) ss (Le. L' is a composition factor of 
w ( 1 Pf s ,c-( w L)f s ))- Assume that E' = /3' n } C $ + is another set of 

commuting roots that is a basis of Q and w' £ W is such that —E' C w'(T F >). 
Let Fs^i be a corresponding Ore subset. 

Define aij £ Z by (/3'f) = Y^j=i a i,jPj am d define f : (C*) n —> (C*) n 

by 

( n n 

n C'V-^ik 4 ' 

i=l i=1 

Then L' is admissible of degree d and 

w (^ s „ b .c'L') Fjs ,y a - - (vF Sj ( b)c .( w L)F S ) ss 



Proof. We will show that Tr” ( VF v b - r 

Let A £ Supp ess (L). Then w( A) £ Supp ess ( , "L). As a ([/ 9 )o-module we have 

( \ SS 

Vf^c- {( W L) Fs ) w{x) ) (Corollary [42D]) . Let 

( \ SS 

( fF s ,qic- (( WL )f s ) w{X) ) 

for some j £ Z". We can assume j = 0 by replacing c with q 3 c (note that we have 

( \ SS 
<PFv,c- (( W L)f s ) w ( A) j • 

For any other /i £ Supp ess (L') there is a unique £ Z” such that p = 
(w /) _1 ^^ A' and a unique j M £ Z” such that w -1 ^(< 7 _ -bc _1 ) S ^ A = p. 

( \ SS 

Ws.gLc- (( WL )fJ w{ X)J ■ 

f is bijective, /(g z ”) = g z ”, /(b) s = w(w ')- 1 (b s ') for all b £ (C*) n and 

for any p £ Supp ess (L'), f(q J,J -) = q 3 *. For a Laurent polynomial p, p o / is 
Laurent polynomial as well. Since q N is Zariski dense in (C*) n (Lemma 14.811 
and / is a Laurent polynomial the set D = {q 3/1 c £ (C*)"|p £ Supp ess (L')} is 
Zariski dense. By Proposition 15.21 the ([/ g )o-module w (^p Fs , b- 
simple for all b £ D for some Zariski open set f2 of (C*) n . Since D is dense 
and Q is open D n fl is nonempty. So there exists a /Jo G Supp ess (L') such that 

w (f Fs (fwc- (( W L)f e )w( a)) * s s ™P^ e an d contains the nonzero simple (U q ) o- 
module L'^ as a submodule. Thus L'^ = w (p Fs ^ 0c . (( wL ) f s ) w{x) ) ■ We 
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get now from Lemma 14.221 that L' is admissible of degree d and that for every 
M e Supp ess {L'), 


L 


/ 


=" «”r)F„)„ w ) 


By Lemma 14.221 Corollary 14.201 and the definition of j' we have for any 
M e Supp ess (L') 




Let u G (£/,) 0 . We see that for b = g-C 


Tru|_/ / \ 

w \yVF s ,f(b) c \{ w L) Fs J 

Since b h> Tru|_ i 

' VF s ,/(b)c 


»(*) 


= Trulr/ = Trul_ 




((”£)* 


and b i-> Trttl_/ 

are both Laurent polynomials and equal on the Zariski dense subset {g J < 1 [gt G 
Supp ess (L / )} they are equal for all b G (C*) n . Thus by Lemma [5711 

as ([/ g )o-modules. Since (by Corollary 14.2011 

iGZ n \ V y/ 


and 


( l PF s J(b)c-{ WL )F s ) = (J) (<PF s ,gi/(b)c- ((“■ £ ')f s ),„( A )) 


we get 

iGZ” V V ;/ 

=©"(^,/(,‘b)c.(ri), E i w ) ss 

iGZ” 

- (B “ (^F S , g ‘/(b)c- (r’ L )F S ) u ,( A) ) 

iGZ” 

^(^ !j( b )c .ri ) fs ) 55 

as (/7 9 )o-niodules. By Theorem 12.71 this implies they are isomorphic as U q - 
modules as well. □ 

Corollarv l4. 201 tells us that twisting with an element of the form q 1 gives us a 
module isomorphic to the original module. Thus it makes sense to write ipF s ,t-M 
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for a t G (C*) n /q z " and a C/ g (F E )-module M. Just choose a representative for t. 
Any representative gives the same [/ 9 (^ s )-module up to isomorphism. 

Let L be an admissible simple module. Assume for a w G W that £ C 
—w(Tl) is a set of commuting roots that is a basis of Q (it is always possi¬ 
ble to find such w and £ by Lemma 14.151 and Lemma 14.161) and let LV; be a 
corresponding Ore subset. Let i/£l. The [/^-module 


(J) <AF r ,b- { w L) Fs 

ybe(C*)":b E =i/ 

has finite length by Lemma 14.181 Lemma 14.221 and Lemma 14.61 
We define 


£XT(L)=\ 0 “ (<p Fs! f( w L) Fs ) 

^e(c*)”/« zn 

The definition is independent (up to isomorphism) of the chosen w, £ and 
as suggested by the notation: 

Lemma 5.4 Let L be a simple admissible module. Let w,w' G W and assume 
£ C C — w'(Tl>) are sets of commuting roots that are both a basis 

ofQ. Let Fe, F^, be corresponding Ore subsets. Then 


© - ("£)© a © 


\te(c 
as U q -modules. 


ue(c *)"/ 5 z " 


<p F , 




Proof. Obviously L is a submodule of ('“' ( w L)f t ,)) SS where 1 = (1,..., 1). 

By Lemma If).31 this implies that for b G (C*) ra 

<pf*, b . C 0 '^,)) 88 = r (^./( b ). ( w l) Fs )y s 

for some / with the property that f(q z ) = q z . So it makes sense to write fit) 
for t G (C*) n /q zn . Thus 


0 

^te(c*) n /g zn 


Vf- 




0 W ( < PFz,f(t)-r L ) F v) 

yte(C*)"/qZ n 


0 -(^ s , t .rL) F j 

yt£(C*)"/qZ n 


since / is bijective. 


□ 


Proposition 5.5 Let L be a simple infinite dimensional admissible module. For 
x G W: 

£XT{ x L) “ 1 (£XT(L)) 


and 

£XT( x L) = w (£XT(L)). 
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Proof. Let w £ W be such that w(Fl\F[) C <f> + (exists by Lemma T4. 151) . Let 
E be a set of commuting roots that is a basis of Q such that — E C w{T]f) 
(exists by Lemma 14.161) and let Fj: be a corresponding Ore subset. First we 

will define £XT\L) = (^© t€ (c»)»>/ g z n w 1 (fPF s ,t-( w and show that 

£XT'{L) = £XT(L) as f7 g -modules: Going through the proof of Lemma [5.31 
and Lemma 15.41 and and replacing T w -i and T~_ 1 with T~ x and T w respectively 
we get that Tr sx ^= r Yz £x ' r (. L ) so they are isomorphic by Lemma f5. II 
We will show for any a £ II that 

£XT{ S °-L)^ S “ ( £XT{L )) 


which implies the claim by induction over the length l(x) of x (where l{x) is the 
smallest number of simple reflections need to write x, i.e. there is a reduced 
expression x = ■ ■ ■ Si l(x) ). 

So let a € II and let w and E be defined as above. Let w' = ws a . Note that 
w' (Fs a L\Ff a L ) C 4> + and — E C Ts aL . We split into two cases: If l(w') < l(w) 
then 


s “ ( £XT(L )) 




=£XT{ Sa L). 


If l(w') > l(w ) we get 



=£XT( Sa L). 


The second claim is shown similarly. 


□ 


Proposition 5.6 Let L be an infinite dimensional admissible simple module of 
degree d. If L' is an infinite dimensional simple submodule of £XF(L) then L' 
is admissible of degree d and £X1~(L) = £X1~(L'). 

Proof. Let w € W and let E be a set of commuting roots that is a basis of Q 
such that E C — w(Tl ) (possible by Lemma [4.151 and Lemma [4.1611 . Then by 
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definition 


£XT(L) 


® 

^te(c*) n /g z ” 


{ U L)p s ) 


L' being a submodule of £XT(L) implies that L' must be a submodule of 

f (^ lC .r%))" 

for some c € (C*) n . Let w/ € W and let £' be a set of commuting roots that is 
a basis of Q such that £' C —w'(Tl>). By Lemma I5T51 L' is admissible of degree 
d and there exists a bijective map / : (C*) n —»• (C*) n such that /(g z ) = q z 
and 


(^, b . ( w ' L ') F J)) aa = (“ (^,/ ( b)c r^jr . 

Since /(g z ) = <? z it makes sense to write /(f) for t £ (C*) n /q z . So writing 
t c = q^c £ ( C*) n /q zn we get 


£XT{L') = 


^£(C*)V9 E " V 7 

^e(C*)”/g zn 

® (^F S ,t-r’L) Fs ) 
yte(C*) n /q zn 

=£XT(L) 


since the assignment t n- /(t)t c is bijective. □ 

Lemma 5.7 Let / € CfX^ 1 ,..., X^ 1 ] be a nonzero Laurent polynomial. There 
exists bi,... ,b n € C* such that for all ii,... ,i n £ Z 

f{qH u ...,qH n )^ 0 . 


Proof. Assume / = • • • X~ Nn g with g £ C[Xi,..., X n \. g has co¬ 

efficients in some finitely generated (over Q) subfield k of C. Let b\,...b n 
be generators of n disjoint extensions of k of degree > deg g. The monomi¬ 
als b™ 1 ■ ■ ■ b™ n , 0 < nii < deg g are all linearly independent over k. Since 
q l ^ 0 for i £ Z the same is true for the monomials ( q ll bi) mi ■ ■ ■ (q ln b n ) mn . So 
g(q ll bi,... ,q ln b n ) ± 0 , hence f(q ll b 1: ...,q ln b n ) ^ 0. □ 

Theorem 5.8 Let L be an infinite dimensional admissible simple modules of 
degree d. Then £XT(L) contains at least one simple torsion free module. 
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Proof. Let A £ w(wt L). Then as a (t/ g )o-module 

£XT(L)=hl 0 <p* B ,b.(( w L) PB ) x 

\ \bG(C*) n 

for some w £ W and some Ore subset Fy corresponding to a set of com¬ 
muting roots E that is a basis of Q. Let u £ (U q ) o- Then the map b >->■ 
detu|_/ /. . \ \ = det^iru b(r~ 1 («))|/, . \ is Laurent polynomial. 

Let p( b) = n^deti^F^ ((™l) ) )' P & Laurent polynomial by 

the above. By Lemma 15.71 there exists a c £ (C*) n such that p(b) ^ 0 for 
all b £ q z c which implies that EpFp acts injectively on the module L' := 
w L)f s ) for all (3 £ Y. Since Fp acts injectively on the module by 

construction this implies that Ep acts injectively as well. So we have ±E C Tjy. 
Any simple submodule V of L' is admissible of degree d by Lemma l5.3l and since 
Fp and Ep act injectively we get dimVA = d = dirnL^ for any A 6 wt L' thus 
V = L' . So L' is a simple module. Using Proposition 12.51 it is easy to see that 
L' is torsion free since ±E C Tj/ and E is a basis of Q. □ 



Proposition 5.9 Let L be an infinite dimensional admissible simple module. 
Let fj £ >f> + . If — f3 £ Tl then £XT(L) contains as a 


U q -submodule. 


Proof. Let w £ W and E = {/3i,..., /3 n } be such that E is a set of commuting 
roots that is a basis of Q and — E C w{Tjf) and Fy a corresponding Ore subset 
(always possible by Lemma fl. 1 51 and Lemma 14.161) . 

We have w(/3) = Y^i=i f° r some a i G Z. Set x = F • • • F£ U q (F s )- 
Let U q ( x ) be the t/q-subalgebra generated by x in x is playing the role 

of Fp and that is why the notation resembles the notation for Ohre localization. 

The Ohre localization of U q in x does not neccesarily make sense though because 
x is not neccesarily an element of U q . 

Let V be the U g ( x )-submodule of ( w L)p s generated by 1 (8) W L. For any 
t £ <C*/q z 

^(v>F S ,(t“i,...,t*")-v) ■■= ...,*•»)•« e 

is a t/ g ( x )-submodule of w (<PF s ,(t a i,...,t“n).( w L)F s )'. To show this we show that 
ioi u £ Uq( x ) and c € C*, y_p Ei ( c oi i ... iC o„)(it) £ U q ( x ). We know that ip Fs ,(c a i,...,c a n)(u) G 
Uq(F^)[ c±1 ] and we also see by construction that for c = q l , i £ Z, we have 
tp Fs y c a i,...,c a ")(' u ) = x~ l ux l £ U q{x) . Choose a vector space basis of U q ( x y 
{ Ui } i&1 and extend to a basis of U q (F s ) where / and J are some 

index sets. Then for u £ U q t x ) we have ip Fs ^ c a i ,...,c a «-)(u) = Y^iei' UiPi(c) + 
u 'jP'A c ) f° r some finite I' C I and J' C J and some Pi,p'j £ C[X ±;l ]. We 
see that for j £ J', p'j{q l ) = 0 for all i £ Z so p' = 0. Hence ‘p Fs ,( c a i,...,c a ”-)(. u ) = 

Yliei' u iPi(c) G U q ( x \. This shows that w (<PF s .(t a i,...,t a ™)-V) is a submodule of 

Set 

V= \ ® W ( ( PFv,(t“l,...,t°n).V) J . 

\tec*/« z / 


25 






Clearly V is a [/ g -submodule of EXT ( L). We claim that V = 
as t/ g -modules. We will show this using Lemma lh.il 
Note that for A G wt V and i £ Z we have 

W ( < PF E ,aq*)*i,...,( q *)°T>)-V\) = w (V q -i^ =1 a k0k> ^ 

as a (t/q)o-module by Corollarv l4.20l 

We have wtV = (C*)^ wtL = wt (® fe c*/g z TFpt-Lp^ ■ Let A e wti be 
such that dimL,\ = maxj e z{dimL g i/3^} then V w px, = ( W L) W (x) — W {L\) as a 
({/<j)o-module by Lemma 11.221 and we have for v £ (C*) /3 A: 

V " = ( ® W (^F E ,(c“l,...,c“n).’l4 (A) ) J 

\c€C*:c w (P)=w(i'~ 1 \) J 

so for u £ (U q ) o: 

Tr w|v„= Y Tr (^,(c“i,...,c“»)( r J 1 ( u ))) lw ( y, 

cGC*:c^=i/ -1 A 

(note that = w{y~ 1 X) if and only if = z^ _1 A since c w ^ = w(c /3 )). 

Set p{c) = Tr (^ E ,(c“i,...,c“n)(r~V))) | v vl(x) ■ P is Laurent polynomial in c 
and p(q t ) = Tr u\L q _ i0x for i £ N. 

On the other hand we can show similarly that 

TlU k(©tec*/9 z 'f‘ F f» t - LF p) BB ) v 

Y Tr (^,c(m)) |(i F/ ,)*- 

cEC* :cP =h'~ 1 \ 

Similarly Tr (pFp,c 0)) I(L F h is Laurent polynomial in c and equal to Tr u\l _ iPx 
for c = q l , i G N. So Tr (yj^ iC (u)) |( ijr ) A = p(c). We conclude that Tr v = 

Tr^®*ec*/'! z <PF fi’ t - LF fi) soV= ((BteC , /q z( PFp,t-LFf i ') as ©-modules by Lemma liTTl D 

For any A G X there is a unique simple highest weight module which we call 
L( A). It is the unique simple quotient of the Verma module M (A) := U q ®jj> oC> 

where C\ is the 1-dimensional t/^°-module with U q acting trivially and U q 
acting like A. Let p = \ P- the following we use the dot action on X. 

For w G W, w.X ■— q~ p w(q p A). 

Proposition 5.10 Let X £ X be such that L(X) is admissible. Let a £ II. 
Assume X(K a ) (jL ±g N . Let a = If o = | choose a squareroot X(K a )i of 

X(K a ). Then 

• -a £ T l{X )- 

• L(s a .X) is admissible. 

• Sa L(s a . A) is a subquotient of the U q -module L(X)p a . 

• L(s a .X) and Sa L(X) are subquotients of the U q -module. tpF a ,\(K a ) a -L(Xf)F a - 


teC* /q z VFp,t-LFp 
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Proof. A (K a ) qL ±(?„ implies that —a C T L ( X ) since for isN: 


J= i qi-q a J 

This is only zero for an i £ N when X(K a ) £ ±g^. 

Let v\ £ L( A) be a highest weight vector. Denote the vector ipp at x(K a ) a ■F a v\ £ 
ipF a ,x(K a )-L{X)F s as v Sct .\. This is a highest weight vector of weight s a .X: For 
H £ Q: 


Kfj,v Sa . a =K tl ip Fa 'X(K a )»-F a v\ 

=VF a , q x(K a )«. ([qX{K a ) a y Wa) X{KyF a v x ) 

=q~^ a) X V Foi , qa x{K a ).F a v x 

=q~^ a \s a X)(K fl )v Sa .x 
— s a .X(Ix yv Sa _x- 

For a' £ n\{a} 

Fa ll PF a ,X(K a ) a -VX = ^PF a ,X(K a ) a -Fa'Vx 
and for a' = a we have by the formula in the proof of Lemma 14.91 


F a l PF ol ,\(K ol )<‘-F a VX 

=( PF a ,X(K a ) a -FuVFc, ,qX(K a ) a (E a )v\ 

77 (i 7 , ^-iQo i {q a X(K a ))- 1 K a - q-^XiK^K- 1 

=<PF a ,X{K a )«-*a \F a +t a - - - 3 J—- 

V ( q a - q a Y 

= 0 . 


Vx 


So v Sa ,\ is a highest weight vector of weight s Q .A hence L(s a . A) is a subquotient 
of (pF at x( Ka )a-L{X) Fct . Since L(s a . A) is a subquotient of <p Fa ,\(K a ) a -L(X)F a it is 
admissible by Lemma 14.221 

Consider s “ (<pF a ,x(K a ) a -F(X)F a /{U q v Sa .x )) and the vector 

v' = F~ X V Sa .x + UgV Sa . X £ s “ (<PF a ,X(K a ) a - L WF a /(UqV Sa .x)) ■ 

Then Epv 1 = 0 for all /3 £ II: First of all 

E a • v' =T- x {E a )v' 

= - K a F a v' 

= - K a V Sc ,.X + U q V Sa .X 

= 0 . 
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For p £ n\{a} 

Ef-v'=T~‘I E f )v'. 

= £ 

2=0 

= (_l)(/3,« v ) g ( /3 ’“ V ) £ ;(-( /3 ’“ V ))F- 1 ^ Wsa . A + C/,u So . A 

=0 

since E a v' = 0 and Epv Sa ,x = 0 by the above. 

So v' is a highest weight vector and v' has weight A: For p £ Q: 

• v' =K Satl v' 

=K Sa ,j,F ct V Sa ,\ + UqV Sa ,\ 

=qM^s cc .X(K Sali )F- 1 v Sa . x + U q v Sa .x 
=\{K fl )F~ 1 v Sa .x + U q v Sa . x- 

So L( A) is a subquotient of Sa {'-pF ol ,\(K a ) a -L{X)F a ) hence Sa L( A) is a subquo¬ 
tient of ipF a x{K a ) a -L{X)F a - Consider the vector 

v" = + U q v\ e s “ ( L(X) Fa /(U q vx )) • 

By an argument analog to above we get Ep ■ v" = 0 for all p £ II\{a} since Ep 
and F” 1 commutes and u A is a highest weight vector. We get E a ■ v" = 0 by 
the following: 

E a ■ v" =T-\E a )v" 

= - K a F a v" 

= - q~ 2 F a K cl F- 1 vx + U q vx 
= 0 . 

So v" is a highest weight vector in s “ ( L(X)F a /(U q vx ))• v" has weight s a .X: 
For p £ Q: 

Kf • v" =K Sail v" 

=K Satl F~ x vx + UqVx 
=q Mn)\»)x( Ksall ) V " 

={q- a s a X)(K^)v". 

Hence L(s a . A) is a subquotient of So, L(X)f s and therefore Sa L(s a . A) is a 
subquotient of L(X)f s - □ 

Lemma 5.11 Let X £ X be such that L( A) is an infinite dimensional admissible 
module of degree d. Let a £li. Then 

£XT{L{X)) = £XT( Sa L(X)) 

and if X(K a ) £ then £XT(L( A)) contains L(s a .X) and Sa L(s a . A) as U q - 
submodules, where s a .X := q~ p s a (q p X) = q~ a s a X. 
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Proof. Assume first that A (K a ) ±gj^. By Proposition 15.10| the [/^-module 
®tec* /q z i PF a ,t-L(X)F a contains L(s a . A), Sa L( A) and So, L(s a . A) as subquotients. 
By Proposition ^. 91 and Proposition [STH] this finishes the proof of the claim when 

A (K a ) # ±<£. 

Assume now that A (K a ) = ±q^ for some k G N: If A(K a ) = q* it is easy to 
prove that L( A) = Sa L( A). Assume from now on that A(K a ) = —g*. We have 


£XT{L(X)) 


0 ¥>F s ,t-L{X)F s 

U6(C*)/? Z " 


for some set of commuting roots E = {/3 ±,..., 0 n } that is a basis of Q with 
— E C T L (x)- Since E is a basis of Q there exists a\ G Z such that 
a = £? =1 a* A- Let v\ be a highest weight vector in L( A). We will show that 
n 0 := ip p ^ ((„i) a i e Sa £XT{L( A)) is a highest weight vector of 

weight A where o! i = . This will imply £ AT( S “L(A)) = £XT(L(X)) by 

Proposition 15.61 The weight of vg: Let fi G Q: 


K a ' ^s a (u)T Ps ^_i) a 'i,...,(-i)<)'-^ c ‘ Vx 

= (_l)(^ V )^ aV }(-^)-(^ V ) A (^) Vo 
=X(K^)v 0 . 

By Proposition |0@ P ( _ i)T ^(^a') = E a , and <p ^^{F a ,) = ±F a , 
for any a' G II and any 0 G ( f )+ . So tp p ^ ^_^ a i n (E^), 0 G n\{a} and 

((-i) a i (-i) a n)^ a ^ kills G L{ A) because Ep and F a does. Hence .Eg, 

0 G n kills uo by the same argument as in the proof of Proposition 15.101 when 
proving that v' is a highest weight vector. □ 


Theorem 5.12 Let L be an infinite dimensional admissible simple module of 
degree d. Then the U q -module £XT{L) contains an infinite dimensional ad¬ 
missible simple highest weight module L( A) of degree d for some weight A G X . 
Furthermore for any x G W : 


X £XT(L) = £XT{L). 


Proof. Let w G W be such that w(F f \F[) C d> + and w(Tl\T[) C $ . Set 
L' = W ~ 1 L (then w 1 L' = L). We will show the result first for V by induction on 
\Tj^,\. If \T^,\ = 0 then L' is itself a highest weight module. Assume \T^,\ > 0. 
Let 0 G T+. Then 0 G T£, since T L ,\T[, C <£>“. So —0 G T L ,. Then by 
Lemma f4. 231 there exists a b G C* such that <pFp,b-L' F contains a [/^-submodule 
L" with T;jt C Tjj and 0 Tjji . By Proposition 15.91 and Proposition 15.61 
£XT{L') = £XT(L") as t/ g -modules. By induction £XT(L") contains an 
infinite dimensional admissible simple highest weight module E(A) for some A. 
So £XT(L') = £XT(L( A)) by Proposition 15.61 Choose a reduced expression 
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Si r • * • Sq for w 1 . By Proposition 15.51 and Lemma 15.111 


£XT(L) ^SXTr^L') 

= wl £XT{L’) 

= w ~ 1 £XT{L(X)) 
= Sir '" Si 2 £XT( 3il L(X)) 
^ir-Si 2 £XT{L(\)) 


=£XT(L(X)). 

So £XT(L) contains a simple highest weight module L( A). For any x £ W we 
can do as above to show X £XT(L) = £XT( X L( A)) = £XT(L( A)) = fA’T(L).D 

Corollary 5.13 Let L be a simple torsion free module. Then there exists a set 
of commuting roots E that is a basis of Q with corresponding Ore subset F^, a 
X € X and b £ (C*) n such that — E C Tl{\) an d L — TF s ,b-L(X)F s 

Proof. By Theorem 15.121 £XF(L) = £XT{L{X)) for some A £ X. So L is 
a f7 g -submodule of £XT{L{X)). Let E be a set of commuting roots such that 
—E C L(X) (exists by Lemma T4.161 bv setting w = e, the neutral element in W) 
then 

£XT{L(X)) = ( 0 VFB ,t.L{ X) Fs 

\te( 

Since L is simple we must have that L is a submodule of ipp s ,b-L(X)F s for some 
b £ (C*) n . By Proposition [576] and Lemma 14.221 dimh.Ll'A'l f„L = dirnL^ 
for all A £ wt L so we have L = ipp s ,b-L(X)F s - □ 

So to classify torsion free simple modules we need to classify the admissible 
infinite dimensional simple highest weight modules L( A) and then we need to 
determine the t £ (C*) n /q z such that ipF s ,t-L(X)F s is simple. Furthermore 
we have that if there exists an admissible infinite dimensional simple module 
then there exists a torsion free simple module. In the classical case torsion free 
modules only exists if g is of type A or C so we expect the same to be true in 
the quantum group case. We show this in Section 18.51 



6 Classification of simple torsion free U q (s^)--modules 

In this section let g = 5 ( 2 - In this case there is a single simple root a. It is 
natural to identify X with C* via A 1 —> X(K a ). We define F = F a , E = E a and 
K ±l = K^f 1 . Let A £ C*\{±g N } and consider the simple highest weight module 
L( A). Let 0 vo £ L(X)\. wt L = q~ 2N X so L( A) is an admissible infinite 
dimensional highest weight module. Thus £XT(L( A)) contains a torsion free 
module by Theorem l5.8l Let b £ C*. We will describe the action on the module 
ifiF,b-L(X)(F) an d determine exactly for which b’s g>F,b-L{X)(F) is torsion free. 
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Let Vi = F l ifp i,.V(i for all i £ Z. Then we have for i £ Z 

Fvi =v i+ i 
K ±l Vi =q- 2i b T2 \ Vi 

„ (g‘6 - g _i & _1 )(g 1_i & _1 A - g i_1 6A _1 ) 

EVi = - - -TT^- Vi-1. 

(q - g" 1 )- 

We see that unless b = ±g* or b = ±g*A for some i £ Z then ipF,b-L(\)(F) is 
torsion free. In this case we see that ifiF,-b = Pf, b since for all u £ U q (s L), 
ipF,b( u ) is Laurent polynomial in b 2 . 

So in this case £X1~{L( A)) contains a maximum of four different simple sub- 
modules which are not torsion free: We have ((pF,± q * -L(X)(f)) ss — (L(X)^ F )) SS — 

L( A) © Sa L(s a . A) (which can be seen directly from the calculations but also fol¬ 
lows from Corollarvl4 .201 and the fact that wf- h = wwh) and (<sf j.„< \. l W(F)Y s — 
(L(s a .\ )(f)) ss — L(s a . A) © Sa L(X) if A ^ ±g z . 

The weights of <pF,b-L(X)( F ) are b~ a wt L(X)( F ) = q 2Z b~ 2 X. Suppose we 
want to find a torsion free [/ g (s^-modules with integral weights. Then we just 
need to find A, b £ C* such that A ^ ±g z ^°, b £ ±g z and b ^ ±g z A such that 
b~ 2 X £ g z . For example choose a square root g 1 / 2 of q and set A = q~ 1 and 
b = g 1 / 2 . Then we have a torsion free module L = span c {tg| i £ Z} with action 
given by: 


Fvi =v i+ i 

jy~ —2 i —2 

Kvi =q Vi 

(gl/2+i _ q -l/2-iw q -l/2-i _ qi+ l/2\ 

EVi = - 7 -- Vi-1 

{q-q Y 

q { q-i-i-qi)2 

~ (g-g-l)2 ^ 

In this paper we only focus on quantized enveloping algebras over C but note 
that we can define, for a general field F with q £ F\{0} a non-root of unity, a 
simple torsion free £/if(s ^-module with integral weights by the above formulas 
(here I/p(sL) = Ua ©a F where F is considered an A-algebra by sending u to g). 

7 An example for U q (si 3 ) 

In this section we will show how we can construct a specific torsion free simple 
module for U q (s ( 3 ). In Section[iJ]we classify all torsion free t/ 9 (sl„)-modules with 
n > 3 so this example is of course included there. If you are only interested in 
the general classification you can skip this section but the calculations in this 
section gives a taste of the calculations needed in the general case in Section 0 
and they show a phenomona that does not happen in the classical case. 

Let ai and a 2 be the two simple roots of the root system. We will consider 
the set of commuting roots E = {/3i, /3s} where 0i = oq and 02 = Qq + a. 2 - 
Set F Sl := F ai and F 02 := T Sl (F a2 ) = F a2 F ai - qF ai F a2 = [F a2 ,F ai ] q . We 
have (0i\0 2 ) = 1 and 0 = [Fp 2 ,Fp = Fp 2 Fp 1 - q~ 1 Fp 1 Fp 2 or equivalently 
Fp 1 Fp 2 = qFp 2 Fp 1 . Let A £ X be determined by A (K ai ) = q~ l and A (K a2 ) = 
1. Then M(s ai . A) is a submodule of M(A) and L( A) = M(X)/M(s a2 .X) = 
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M(X)/M(q~ a2 X) is admissible of degree 1. Let £ = e 2m ^. We will show that 
ipPz^).L(\) f s is a torsion free module. We have here a phenomona that 
does not happen in the classical case: wtL(X)p s = ’wt(pF E ,(^)-L(X) Fs but 
L(X)f s ¥ 1 Pf s ,(€,£)-L(X)fv as f7 g -modules since one is simple and torsion free 
and the other isn’t (compare to |Mat00l Section 10] where Matliieu classifies the 
torsion free simple modules by determining for a coherent family AA for which 
cosets t £ \)*/Q, AA[t) is torsion free). 

We will show that E ai and E a2 act injectively on the module <^f e ,(£,£) -L(A) f s ■ 
So we need to calculate (p Fst ^(E ai ) and ip Fst ^(E aa ). = ( Pf P i ,( ° 

VFp 3 ,i- We have 


\E (Xl , Fp 2 j —F« a [25ai,.Fai] Q\E ai i F ai ]F a2 

qK ai - q-'K-l 




K ai - K- 1 




=F, 


q-q 
K ai q~K ai 


CX2 

q-q 


«2 _1 
q-q 


Fa 2 Q 


q-q 


-K a 


ct 2 y _ t il ai 

q-q 


qF(x 2 Lqi . 


We can show by induction that 

[F ai ,F^\ = - q 2 -i\j]Ffa 1 F ot3 K ai 

for any j £ N. Using that ipFp 2 ,b(E ai ) is Laurent polynomial and equal to 
F s 2 E< f F g 2 for b = q-> we get 

b — 6 _1 

^fFp 2 ,b{^ai) = F ai q b — | Fp 2 F a2 K ai . 

We have Fp 2 Fp 1 = q~ l Fp 1 Fp 2 so F^F^F^ = q~ i Fp 2 thus VF H A F p 2 ) = 
bFp \ We have 

Jy _ 1 

^PF ai ,b{Fof 2 ) = bF a 2 — — ^ F a i ( qF ctl F a2 — i^ Q , 2 i^ Q;i ) 

=bF a2 + - -^rjF ni Fp 2 
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and 


5^1 {fPFp 2 ,t>2 i^a 1 )) 


2 ,-l & 2 ^2 p- 1 ] 


,&i ( -^Qii Q b 2 _ —1 Ffi 2 ^a 2 K ai 


—E a i + F ai 


-l(&l -&1 )(9^1 '^ai -g ^l-^a, 1 ) 

- 1 ( g - g - 1 ) 2 

7-lfu.V . fo l - 6 i " 1 r^-l , 


- 6 r 2 ^ Q1 


-^ai + ^ ai 


_l(&l ~&1 ) 0 A ^O! -g ^l-ft'a, 1 ) 
- 1 (g-9 " 1 ) 2 


. b -i b -i (b2-1* 1 )( b i-K 1 ) F-iK 

9 °1 °2 ( g _ g -l)2 ^«l n “i 

„ , ,-i p-i ( fo i ^ b^){qb^b^K ai - q-'bxbiK-t) 


—E ai + b 2 F ai 


{q-q- 1 ? 


_ _2l —1 ^2 b 2 _ i 

9 °2 _l *fa *<*2 K ai- 

Let be a highest weight vector in L(A) and set ua = 1 ® £ L(X)p s . We 

have F a2 v\ = 0 by construction so we have 

, h _i (fei - frr 1 )^V - bib 2 ) p-i.. 

F-z,(b\,b2 )\*- J ol\)V\ b 2 ^ _ ^_Xj2 ^ai 

'v 9 f e ,(ci > c 2 )-L(A)p’ s is spanned by the elements F^F^p^^^.v A , i,j £ Z 
because every weight space is one-dimensional and F^F^ acts injectively. Since 

c™ fib —j?~ i p-i E fib Fi 
*02 *01 * y °‘l*01*02 ~*01 *02 * J °‘1*02*01 

={ PF Pl ,q* {<PFp 2 ,qi {E a i )) 

=f fF s ,(q i ,q j ){E ai ) 

we have 

Eai F 0i Fp 2 tpFz , (ci,c 2 ) 'V\ 

F 0i F02^ Fs ,{q l ,qi) (Eai ) ( PFs ,(ci ,c 2 ) 

^/3i Eg 2 '-pF s .(ci,C2) 'VFs^q'ci ,qic2) {Eai )^A 

-i (q ic 1 ^ q^ci^iq-^ci 1 ^ 1 - g i+J cic 2 ) ^ ^ 

=1 C 2 - ( g _ g -l)2 - F 0i F 0 2 l PF s ,(ci,C2)-E ai 

{q ic i - 1 - g i+J cic 2 ) ,_i 3 

(q — q- 1) 2 *0i *02 ^s>(o,c 2 )‘^A- 


ClC2J j j 1 

F 0i F 02^Fs,(ci,C2)- F ai ^A 

F 01 F 02 1 PFe,(.Ci,C2)- V ^- 


This is only zero when Ci = ±q 1 or C1C2 = ±q 1 J . Set Ci = C2 = e 2 ’ 1 ’*/ 3 =: £. 
Then we have shown that £? ai acts injectively on ipp s ^^yL(\)p s . 
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Now we will show that E a2 acts injectively on F^^^yL(X) Fs . We can show 
by induction that 

K 2 ,i%] = \j]Fa 1 Fp - 1 K~* 

so ip Fft2 ,b{E a2 ) = E a2 + b^E±.F ai F^K~l and 

FFe,(1 >i >& 2 ) (-®«2 ) V-T/Si ,hi ( l PFp 2 ,b 2 {Ea 2 )) 

=E a2 +b 2 b j-^F ai F^K- 2 \ 

Thus 


F a2 Ep 1 Fp 2 ip f% ,(ci,c 2 ) A 4 -^/5 2 TFs^q 1 ,qi) {Fa 2 )^-Fs ,(ci,c 2 ) -^A 

=F fh F f3 2 <p Ft . ,(ci,c 2 ) -V Fs ,(g* ci ,qi c 2 ) {F a2 )v \ 


=FlFl 


q J c 2 - q J c 2 


/3i^^ 2 ^ f s,(ci,c 2 )- c 2‘ q — q ~ 1 


~ E ai Fp^ K a2 vx 


=q 


c 2 - 


-fyr 1 


9-9’ 


Vffc.Cd,<*)■«*• 


We see that this is nonzero only if c 2 = so again setting ci = c 2 = £ 

ensures that this is nonzero. 

We have shown that the [/^-module ip Fs ^^yL( A ) Fs has a basis F^F^tpp^^^.vx, 
i,j £Z and we have 

F Pi F k F k^(^)- Vx 

*>2 F l 01 F> 2 <p FsM ,t) -V\ =q~ 3 Fk F£ W,(£,£) -«A 
E ai F^F^ FsXU) .v x =C X F' p - 1 Fj l3 'pp E ' (u) .vx 
E ai E a2 F^ Fj 2 v?Jt,(€,0 = G ^ F k F h W,(£,£) 

for some nonzero constants Ci,C 2 £ C*. We see that any of the basis vec¬ 
tors F^F^f^ {££)-vx can be mapped injectively to any other basis vector 

F k F k^ ,F ^’(iF)' v x by elements of U q so (p Fs ^^yL(X) Fs is a simple module. 

The module is torsion free by Proposition 12.51 


8 Classification of admissible simple highest weight 
modules 

8.1 Preliminaries 

In this section we prove some preliminary results with the goal to classify all 
admissible simple highest weight modules. We will only focus on non-integral 
weights since we have the following theorem from [ AM15J : 

Theorem 8.1 Assume q £ C\{0} is transcendental. Let A : U q —> C be a 
weight such that X(K a ) = q^ for some i £ Z for every a £ II - i.e. A £ q®. Say 
A = gfy /i £ Q. Let Lc{p) denote the simple highest weight Q-module of highest 
weight p. Then the character of L{\) and Lc(p) are equal - i.e. for any v £ Q, 
dimL(A) g ^A = dim L c {p)v+ F - 
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Proof. [AM151 Corollary 6.3]. 


□ 


Extending to modules which are not of type 1 is done in the usual way (cf. 
e.g. [ Jan961 Section 5.1-5.2]). The above theorem implies that the integral ad¬ 
missible simple highest weight modules can be classified from the classification 
of the classical admissible simple highest weight modules when q is transcen¬ 
dental. Hence we need only to consider weights A £ X such that A (K a ) f ±g z 
for at least one a £ n in this case. So in the rest of the paper we will re¬ 
strict our attention to the case when q is transcendental. If a similar theorem 
is true for any non-root-of-unity q then the results in this paper extend to all 
non-root-of-unities but the author is not aware of any such result. 

Theorem 8.2 Let A £ X. Then there exists a filtration of M(A), M{ A) D 
Mi D ■ ■ ■ D M r such that Mi is the unique maximal submodule of M (A) and 

r 

^ch Mi= chM(sp.A) 

»=1 /3e4>+ 

q P KKp)&±q Z >° 

The filtration is called the Jantzen filtration and the formula is called the Jantzen 
sum formula. 

Proof. This is proved in ]. Ios95l Section 4.1.2-4.1.3]. A proof using twisting 
functors can also be found in IPed 15bl Theorem 6.3]. □ 

Definition 8.3 Let A £ X. 

A( A) = {a £ U\A(K a ) cf ±q JJ}. 


Let 7 £ n. 

£>(7) = {j3 £ $ + |/3 = ^ m a a , to 7 > 0}. 

acn 

Lemma 8.4 Let A £ X. Let 7 £ n be such that 7 £ A(A). Then —D{ 7) C 
T L{ A)- 

Proof. Let /? = Xiaen m “ a G D)(7). We prove by induction over ht/3 = 
Eaen m <> that e t l( a)- If ht/3 = 1 then j3 = 7 and -7 G T L(A) by 
Proposition 15.101 

Assume ht (3 > 1. Then (3 — a £ d*" 1 " for some a £ n. We have either a = 7 
or /3 — a £ D{ 7). In either case we get (3 = [3' + f3" for some (3', f3" £ $ + with 
f3' £ D("f) and ht/3' < ht/3. By induction — /3' £ Tl(a)- If ~P e Fl(x) the 11 
— (3' = — f3 + f3" £ F L (x) since *I> + C Pl(a) an d -Fl(a) is closed (Proposition 12.61) . 
A contradiction. So — f3 £ Tl(a)- □ 

Lemma 8.5 Let 7 £ n. D{ 7) generates Q. 

Proof. Let (D( 7)) be the subgroup of Q generated by D( 7). Assume n D 
(D( 7 )) ^ n. Let a f (D( 7 )) be a simple root that is connected to an a' £ 
(D)(7)) (possible since the Dynkin diagram of a simple Lie algebra is connected). 
Then a + a' £ (D)(7)). But then a = a + a' — a' £ (D)(7)). A contradiction. So 
(D)(7)) = Q. □ 
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Lemma 8.6 Let A £ X be a non-integral weight. Assume that L( A) is admis¬ 
sible. Then Al(A) is connected and |A(A)| < 2. 

Proof. Assume |A(A)| > 2. Let a,a' £ A(A) be two distinct elements. We 
will show that a and a' are connected. So assume ( a\a') = 0 to reach a 
contradiction. L{ A) is admissible of some degree d. By Lemma 15.111 and 
Proposition 15.61 Sa L(s„,.A) is admissible of the same degree d (L(s a . A) is in¬ 
finite dimensional since s a .A(K a >) = A (K a >) ^ ±q^,). Let E be a set of 
commuting roots that is a basis of Q such that a £ E and —E C ?l(A) 
(Lemma 14.161) . By Proposition 15. 101 Sa L(s~.A) is a subquotient of L(A)f s - We 
claim that Supp ess (£(A)) 0 Supp ess ( s “L(s a .A)) / 0. If this is true then we have 
for u £ Supp ess (£(A)) n Supp (*°‘ L(s a .A)), L{A) v ^ (L(X) Fs )„ ^ ( s “£(s a .A))„ 
as (17 9 )o-modules by Lemma T4.22I But then by Theorem 12.71 L(A) = Sa L(s a . A) 
which is clearly a contradiction by looking at the weights of the modules. So we 
will prove the claim that Supp„„„(£(A)) fl Supp p „,.( s “L(s 0 ,.A)) ^ 0: 

We have -D(a') C T L(X) and -D(a') C Ts aL(sa , x) = s a (T L{Soi . x) ) by 
Lemma [8~T1 and the fact that (a| a') = 0. So —D{a') C C{L{ A)) n C{ Sa L(s a .A)) 
thus C(L( A)) n C( Sa L{s ol . A)) generate Q by Lemma 18.51 This implies that 
C(£(A)) — C( Sa L(s a .A)) = Q. The weights of L( A) and Sa L(s a . A) are contained 
in q ®A so a weight in the essential support of L(A) (resp. Soi L(s a . A)) is of 
the form q Pl A (resp. q P2 A) for some pi, p 2 G Q. By the above q c ( L ( x A+vi\ fl 
q G( Sa L( Sa .\))+iJ. 2 x 0 Sinceg c(L(A))+ ^ 1 A C Supp ess (L(A)) and q c ( Sa L ( s »- X '>)+^ 2 A c 
Supp ess ( s “L(s a .A)) we have proved the claim. 

So we have proved that any two roots of A(A) are connected. Since there 
are no cycles in the Dynkin diagram of a simple Lie algebra we get A(A) = 2.D 

8.2 Rank 2 calculations 

Following the procedure in [ MatOOl Section 7] we classify admissible simple 
highest weight modules in rank 2 in order to classify the modules in higher 
ranks. We only consider non-integral weights because of Theorem 18.11 We 
assume that q is transcendental over Q. 

Lemma 8.7 Assume g = 5 ( 3 . Let A £ X be a non-integral weight. The module 
L( A) is admissible if and only if q p A(Kp) £ ±g z>0 for at least one root f3 £ 

Proof. It is easy to show that the Verma module M(A) is not admissible. So 
q p A(Kp) £ ±q l>0 for at least one root /3 £ d>+ by Theorem 18.21 On the other 
hand suppose q p A(Kp) £ ±q z>0 for at least one root /3 £ c f >+ . If q p A{K a ) £ 
±q l>0 for a simple root a £ II then by easy calculations we see that M(s a . A) is 
a submodule of M(A). If q p A(K a ) ^ ±g z>0 for both simple roots a £ II then we 
get that M(sp. A) is a submodule by Theorem 18.21 So in both cases we have a 
submodule M(sp.A) of M(A). Since L( A) is the unique simple quotient of M{ A), 

L( A) is a subquotient of M{A)/M(sp.A). Since M(A)/M(sp.A) is admissible we 
see that L( A) is admissible as well. □ 

Lemma 8.8 Assume g is of type C 2 (i.e. g = sp(4) y ). Let II = {ai,a 2 } where 
ol\ is short and a 2 is long. Let A £ X be a non-integral weight. The module L( A) 
is infinite dimensional and admissible if and only if q p A(K n .), q p A(K n , +„„) £ 
±g z >° and A(K a2 ), A(K 2ctl+a2 ) £ ±g 1 + 2Z (= ±^{ 2+Z = ±^££ 2 ). 
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Proof. Theorem 18.21 implies that q p X(Kp) G g Z>0 for at least two /3 € < t> + 
because otherwise A(A) = M(X)/M{sp.X) for some /3 G $ + . But M(X)/M(sp.X) 
is not admissible. Since A is not integral we know q p X(K a ) ^ q z for some a £ H. 
Suppose X(K ai ) ^ . We split into cases and arrive at a contradiction in 

both cases: If X(K a2 ) ±q Z 2 ° then by the above q p X(K ai+a2 ) G ±<7af + Q2 = 
±q z >° and q p X(K 2ai+a2 ) G ±<? 2 ai°+a 2 = ±c / 2Z>0 which implies that q p X(K ai ) = 
q p X(K 2ai + a2 K~l +a2 ) G ±q z = ±q z ± . A contradiction. 

The other case is q p X(K a2 ) G ±q Z 2 ° = ±<z 2Z>0 : In this case we get A(A' ai+Q2 ) ^ 
±9 Z = ±<?a 1 + a 2 so th .6 lust root, 2 ai 0 L 2 ■> must sutisfy tliut \(K‘ 2 oii-\-cx 2 ') ^ 
±( ha 1 +Q 2 = ±<? 2Z>0 - But this implies that A(A Ql ) 2 = X{K 2ai+ol2 K~ 2 ) G ±g 2Z 
which implies that X(K ai ) G ±q z . A contradiction. 

So A (K ai ) G ±q z . Since A is not integral we get X(K a2 ) ^ ±g z 2 = ±g 2Z - 
This implies that X(K 2ai+a2 ) ^ ±g 2Z = ±gf ai+Q2 . Since q p X{Kp) G ±g Z>0 for 
at least two /? G $ + we get q p X(K ai ) G ±g z>0 and g p A(A" ai _)_ a2 ) G ±q z>0 . This 
in turn implies that X(K a2 ) = X(K ai +« 2 K aD e ±9 Z - Since H K a 2 ) £ ±< 7 2Z we 
get X(K a2 ) G ±q 1+2Z . Similarly X(K 2o/1+a2 ) = X(K ai+a2 K ai ) G ±<? 1+2Z . So 
we have shown the only if part. 

Assume A is as required in the lemma. We will show that A (A) is admissible. 
By Theorem 18.21 we see that the composition factors of M(s ai .X) are L(s ai .X) 
and L(s ai + a2 s ai .X) = M(wq.X) and the composition factors of M(s ctl + ct2 ) are 
L(s ai+ol2 ) and L-\-a 2 ) — Xli^WQ.X'). So 

chM(sp.X) = ch L(s ai .X) + ch A(s Ql+Q 2 .A) + 2 cliL(w 0 .A). 

/3e4>+ 

q P KK fi )&±ql> 0 

So the composition factors of the maximal submodule of M{ A) are L(s ai .X), 
L(s ai+a2 .X) and L(wo.X). The worst case scenario being multiplicity one. In 
this case the character of A(A) is 

cliM(A) — chA(s Ql .A) — chA(s ai+Q2 ) — chA(w 0 .A) = 

= chM(A) — chM(s Ql .A) — ch M(s ai +a 2 -X) + chM(wo.A) 

The character of Verma modules are known and by an easy calculation it is 
seen that this would imply L(A) is admissible (cf. the proof of Lemma 7.2 
in | lMatOO| l. □ 

8.3 Type A, D, E 

In this section we complete the classification of all simple admissible highest 
weight modules when the Dynkin diagram of g is simply laced. In particular 
we show that g does not admit infinite dimensional simple admissible modules 
when g is of type D and E. In Section 18.51 we show that the same is the case 
when g is of type B or F. Combining this and Section [53] we get that g admits 
infinite dimensional simple admissible modules if and only if g is of type A or C. 
Remember that we restrict our attention to transcendental q and to non-integral 
weights because of Theorem 18.11 

Definition 8.9 Let X : [7° —> C be a weight. In the Dynkin diagram of g let 
any node corresponding to a G II n A(A) be written as o and every other as •. 
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e.g. if g = SI 3 and |Al(A)| = 1 then the graph corresponding to A would look like 
this: 

•-o 

We call this the colored Dynkin diagram corresponding to A. 

In this way we get a ’coloring’ of the Dynkin diagram for every A. 

Lemma 8.10 Let A £ X be a non-integral weight such that L{ A) is admissible. 

If the colored Dynkin diagram of A contains 

ot ot 

O - O 

as a subdiagram then q p \(K a+a i) £ 

Proof. Let v\ be a highest weight vector of L(A). Let s be the Lie algebra 
5(3 with a and a' as simple roots. Let U be the subalgebra of U q generated 
by F a , F a , , Kt 1 , A'±/, E a , E a .. Then U “ U qa (s) as algebras and Uv\ contains 
the simple highest weight U qa (s)-module L(X,s) of highest weight A (restricted 
to Ug a (s)) as a subquotient. Since L( A) is admissible so is Uv\ hence L(A,s) is 
admissible. Then Lemma [8.71 implies that q p \(K a+a ’) £ ±qa >0 ■ □ 

Lemma 8.11 Let X £ X be a non-integral weight such that L{ A) is admissible. 

If the colored Dynkin diagram of A contains 

f // 

Ot Ot Ot 

o -o- • 

as a subdiagram then L(s a .X) is admissible and the colored Dynkin diagram 
corresponding to s a .X contains 

/ // 

Ot Ot Ot 

• -o- o 

i.e. we can ’move’ o-o and still get an admissible module. 

Proof. L(s^.X) is admissible bv Proposition IS.lOl It is easy to see that q p s a .X(K a ) ^ 
±q z (follows by Lemma f 8. 101 since A is non-integral), that q p s a .X{K a n) qL ±q z 
and that q p s a .X(K a ’) £ ±q z>0 (by Lemma T 8 . 101 ) □ 

Lemma 8.12 Assume g ^ SI 2 . Let X £ X be a non-integral weight such that 
L( A) is admissible. 

If A(X) = {a} then a is only connected to one other simple root a’, L(s a .X) 
is admissible and the corresponding colored Dynkin diagram of s a .X contains 

Ot Ot' 

o- o 


as a subdiagram. 

On the other hand if the colored Dynkin diagram of X contains 

a ot' 

O - O 
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and a' is the only root connected to a then the colored Dynkin diagram of s a .X 
contains 

a. ol 

O - • 


as a subdiagram. 

Proof. Since a £ A(X), L(s a .X) is admissible by Proposition [5TTUJ First assume 
A(A) = {a}. If a is connected to two distinct roots a! and a" then it is easily 
seen that a 1 , a" £ A(s Q .A) contradicting the fact that A(s a . A) is connected 
ILemma lS.GD . It is easily seen that q p s a .X(K a ) ^ ±q z>0 (since A is non integral) 
and q p s a .X{K a ') ^ q z>0 . 

On the other hand if A{\) = {a,a'} then q p s„.A(AV) = q p X(K a+a >) £ 
±q z>0 by Lemma EU1 □ 

Now we can eliminate the types that are not type A by the following theorem: 

Theorem 8.13 Assume g is a simple Lie algebra of simply laced type. If there 
exists an infinite dimensional admissible simple module then g is of type A. 

Proof. Suppose there exists an infinite dimensional admissible simple module 
then by Theorem 15.121 there exists a A £ X such that L(X) is an infinite ad¬ 
missible simple highest weight module. By Theorem 18.11 and the classification 
in [MatOO] there exists no highest weight simple admissible modules with inte¬ 
gral weights unless g is of type A. We need to show the same for non-integral 
weights. 

If the Dynkin diagram is simply laced and not of type A then the Dynkin 
diagram contains 

Ol 


oi 7 oi" 

• - • - • 

as a subdiagram. 

By Lennna r8.12l we can assume without loss of generality that |A(A)| = 2 and 
by Lemma 18.111 we can assume that the colored Dynkin diagram corresponding 
to A contains the following: 


a 


OL 7 Ol" 

O - O - • 


But then L{s 1 . A) is admissible as well by Proposition 15.101 and the colored 
Dynkin diagram for s 7 . A contains 


Ol 

O 


oi' 7 oi" 

• - O - O 


contradicting the fact that A(A) is connected. 


□ 
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Combining all the above results we get 

Theorem 8.14 Let g = s[ n +i ; n > 2 with simple roots a\such that 
(ai\ai+i) = — 1, i = 1,..., n. Let A G X be a non-integral weight. 

L{ A) is admissible if and only if the colored Dynkin diagram of A is of one 
of the following types: 


ctl Oi 2 0-3 Ct n 

O - • - • . • 


0-1 a 2 0-3 OL n 

O - O - • . • 

Oil a 2 0-3 Ct n 

• - O - O . • 


ai a 2 0:3 ct n 

• - • - • . o 

Proof. By the above results these are the only possibilites. To show that L( A) 
is admissible when the colored Dynkin diagram is of the above form use the 
fact that by Lemma f8. 11 1 and Lemma r8.12l we can assume A has colored Dynkin 
diagram as follows: 


Oi l Ot-2 OL2, OLn 

O - • - • . • . 


Let fa = a\+ot 2 -\ -ha*, i = 1,..., n. We see easily that Tl(a) = —{/?i, /? 2 , • ■ •, /3 n } 

and Fl = <1> + U<i>{ a2 Let [, u, p etc. be defined as in Section 2 of | |Pedl5a| |. 
By [Pedlhal Theorem 2.23] N := L( A) u is a simple finite dimensional U q (l)~ 
module and L( A) is the unique simple quotient of Ai(N) = U q ®u q ( p) N. Since 
the vectors /3\,... ,/3 n are linearly independent A4(N) is admissible. This im¬ 
plies that L( A) is admissible since it is a quotient of M(N). □ 

We can now make Corollarv l5.13l more specific in type A: 

Corollary 8.15 Let g = n > 2 with simple roots aq,..., a n such that 

(a,:|a,:+i) = —1, i = 1,..., n. Let (3j = a± + ■ ■ ■ + ctj, j = 1,..., n and E = 
{/3i,..., /?„}. Let Fp. = T Sl ■ ■ ■ T Sj _ 1 (F aj ) and let = {q a F^ ■ ■ ■ F^ |a» G 
N, a G Z} be the corresponding Ore subset. Then E is a set of commuting roots 
that is a basis of Q with corresponding Ore subset F s. 

Let fji = a n -\ -h a n -j, j = 1,..., n and E = {j3 [,..., f3' n }. Let F^ = 

T Sn ■ ■ -Ts^^Fa^.) and let = {q a (Fp' i ) ai • ■ • i F p' n ) an \ a i € N, a G Z} be 
the corresponding Ore subset. Then E' is a set of commuting roots that is a 
basis of Q with corresponding Ore subset F^i. 

Let L be a simple torsion free module then one of the two following claims 
hold 

• There exists a X € X with X(K ai ) qL A (K ai ) G ±q N , i = 2,... ,n and 
b G (C*) n such that 

L = tpF s ,h-L(\) Fs . 

• There exists a A G X with A (K arl ) ±q N , A (K ai ) G * = 1,..., n — 1 

and b G (C*) n such that 

L = tpF s ,,b-L{\) Fs ,. 
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Proof. By Theorem 15.121 £XT(L) = £XT{L( A')) for some X' G X. If A' is non¬ 
integral then by Theorem 18.141 Lemma 18.111 Lemma 15.111 and Proposition 15.61 
there exists a A such that A (K ai ) qL ±g N , X(K ai ) G ±g N , i = 2, ...,n and 
such that £XT(L(X')) = £XT(L( A)). By Lemma 15.41 we can choose £ as the 
commuting set of roots that is used in the definition of £XT{L( A)). 

If A' is integral we see by Theorem 18.11 Lemma 15.111 Proposition 15.61 and 
the classification in [ MatOOl Section 8 ] that £XT{L( A')) = £XT(L( A)) for a A 
such that 4(A) = {oi} or 4(A) = {a„} (cf. e.g. [MatOOl Proposition 8.5]). 

Now the result follows just like in the proof of Corollarv l5.13l □ 

In Section [2]we determine all b G (C*) ra such that ipF s ,h-L(X)F s is torsion 
free with £ as above in Corollarv l8.15l and A such that X(K ai ) ^ ±(? N , X(K ai ) G 
±g N , i = 2,..., n. By symmetry of the Dynkin diagram and Corollary 18. 1 51 this 
classifies all simple torsion free modules. 


8.4 Quantum Shale-Weil representation 

In this section we assume q is of type C n . Let «i,..., a n be the simple roots 
such that a* is connected to aj+i and a\ is long. We will describe a specific 
admissible module V and show that V = L(w + ) © L(uj~) for some weights w ± 
with the purpose of classifying the admissible simple highest weight modules, 
see Theorem 18.171 Let V = C[Xi,..., X n ], We describe an action of the simple 
root vectors on V : For i G {2 ,... ,n} 


TP V a l V a 2 


•x° 


T? V a l v a 2 V a ' 
l-A-l ^2 * ’ ' 

E ai X^---X a n 

TP V a l V a 

k£x?x?---x« 

7>^i 1 v'Cii v _a, 2 vd 

A cti ^1 


[ai][ai - 1] 

[ 2 ] 


X 


CL\ — 2 
1 


x “ 2 ■ ■ • x 


a n 

n 


_ ^ x^ai+2 2 

- r t 1 -/Y Q 

[ 2 ] 1 


= [«i]X“ 1 • 

=K-i]x“ 


X a n 


~ 1 ~\~ 1 X a i — 1 


•X" 


X“ 


ya n 

■ x 


a n 

n 


=q T(2a 1+ l) x a lx a 2 . . . ja. 

x“iX 2 2 • • • X“” 


We check that this is an action of U q by checking the generating relations. 
These are tedious and kind of long calculations but just direct calculations. We 
refer to the generating relations as (Rl) to (R 6 ) like in |Jan96l Section 4.3]. 
(Rl) is clear. (R2) and (R3): Let j G {1 ,n} 



1 

f 2ai+3 [ 

1] \ra\—2 yd2 
[2] 1 ^2 

■X“» 

if j 

= 1 

K aj E ai X? ■ 

■•x“» = 

' _ q a\ — 2 —a 2 

faijfai —1] — 2 yd2 

[2] ^1 ^2 

Va n 

if J 

= 2 


1 

✓- 

1 

0 

r 

0 

[ai][ai —1] yap-2 ya2 
[2] A 1 A 2 

••X“» 

if j 

> 2 


— n {<xi\ocj)p x v ai X a2 ■ ■ ■ X an 
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Similar for K aj F ai . For i G {2,... ,n} 


I< aj E ai X^ ■■■Xy = 


q a J-i a i l { a . 


'Oi]X ! ai 

]X 


jj^&i—i + l — 1 

X Q>i— 1 + 1 yCLi — 1 
2-1 A *' 


•X? 


qaj - 1 + l-oj+l[ a .]X“> 

g a^i-l- a; , [ a .] X ai .. 


•X, 


a>i —1 + 1 \r(Li — 1 


=q^\<*i)E oll K aj Xt 1 X% 2 


i-1 

X“ 


xr 


X“« 

•••X“ 

X“» 


if |j - *| > 1 
if j = i - 1 
if j = * 
if j = * + 1 


Similarly for K a ,F ai . 
(R4): 


[E ai ,F a JXfX, 


«2 

2 






ai+2 X a2 


• x?" + F a 


[ai][ai - 1] 


[ 2 ] 


X 


a .1 — 2 -£(12 


[ai+2][ai + l] [ai][ai —1] 


[ 2 ] [ 2 ] 


q— 2 a\ — 1 _ q 2 ai~\-l 


K ai ~K~l 


q 2 -q 


y a i 
-2 A 1 


X^ 1 • 
••X" 


[ 2 ] [ 2 ] 

•X“" 


yfli V a n 
A 1 ‘ * ’ A n 


^ O-yj 


r 771 771 1 V a l v a n 1 ZT 1 V a l — 1 V a 2 + 1 Y«n | 

[■^ai 5 -^a 2 .l A l ’ * ’ A n — [ a lJ^ai A 1 A 2 A n “r 


[ai][ai - 1] 


[ 2 ] 


Fa 2 X'l 


CL 1 —2^Y" a 2 


[ai][ai - l][ai - 2] 
[ 2 ] 

[ai][ai - l][ai - 2] 
[ 2 ] 


X 


a.1—3^"a2+l 


■X“ 


X ai — 3 -^02 + 1 ya n 

1 A 2 ‘ ’ ’ A n 


=o. 


For i > 2 clearly [F Ql , FqJX® 1 • • • X“ n = 0. For i,j G {2,..., ?i}: If |i—j| > 1 
clearly [E ai , F aj ]X? ■ • • X“» = 0. 


■X“" 


[*+, fa i+1 ]Xl““ =[a i ]^X“ 1 • • • X? 

-[a+^X? 1 -. 
= [a*][a* - 1]X“ J • • • 
- [ai][a< - ljX? 1 
= 0 . 


i— 1 v _ai + 1 + 1 ya, 

A 2 +l A n 

0.i—1 + 1 -\rCLi — 1 


■X 


2-1 


Xf 


■ xy 


y a i — l + l -yCLi —2 -y'0,i_|_i + l 

A 2-l A 2 A 2+l 

-yCLi —1 + 1 yCLi — 2 y fl i+l + l 
*'* A 2-1 A 2 A 2+l 


■X“ 


•X“ 


r z? 771 1 01 yctn zt 1 x^ai +2 ya2 ya, 

[-C / 0!25 -^aiJ A l A n —^2 [2] A 1 A 2 *** An 

_[^2] yai +3 ya2-l vo, n 

~ |2j A 1 A 2 ' ' ' A ra 

= 0 . 


- [a 2 ]F ttl X 1 ai+1 X 2 a2 - 1 


•••X 


a n 

n 


+ ] ym+3 VOJ-I 

r n -A 1 _/\. Q 

[ 2 ] 1 


•••X 


a n 

n 
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For i > 2: 


[F 0 

/? 

UT ± OLi 

;_jxr 

•••X““ =[a l _ 2 ]F ai X 1 ai • 

\rCLi -2 

' * A i-2 

— 1 -irai — 1 + 1 

A i-1 

va n 

A n 




-[a i ]F Qi _ 1 X 1 “ 1 ..-X“! 

— 1 + 1 -\rdi- 

1 A i 

-1 _ 

■x“» 




= [o l _ 2 ][a i ]X“ 1 • 

\rCLi- 2 - 

* ’ A i-2 

- 1 — 1 

-1 . # 




- [a, ; ][a i _ 2 ]F Q , 


\rCLi -2 — 

’ * A z-2 

r x a. 

i-i+2 

-1 




=0. 






For i 

> 1: 






[F c 

U 5 1 OCi 

jxr • • 

•X£» =[a i _i]F ai X 1 ° 1 • • • 

\rCLi — 1 + 1 

A *-l 

*r _1 • • ■ 

V a n 
’ A n 





- [cH}F ai X^ • • • 

\r a i —1 1 

A i-1 

X a i+ r.. 

Vd r 

’ A n 

1 




= ([Oj_l][Oj - 1] - 

[oj][aj_i 

- i])*r 

\rdi — 1 

* ' * A i—1 




= [<*-1 - a^X? 1 • • 

ya,, 

* A n 





•X“ 
X?‘- 


•X“" 


K ai -K~ a 

q-q- 1 


yai va 

~ A 1 ‘ * * A r? 


■•X“" 


Finally we have the relations (R5) and (R6): Clearly [E ai , Ea^X^ 1 ■ ■ ■ X“” = 
0 and [F ai , jXf 1 • • • X“» = 0 when |j - i\ > 1. 

(E 3 a2 E ai - [3]^ 2 F ai F Q2 + [3}E a2 E ai E 2 a2 - E ai E 3 2 )X? • • -X“" 

= P? ( - K] [fli - !] [ 02 ] [a 2 - 1] [a 2 - 2] 

+ [3][oi + l][ai][a 2 ][a 2 - l][a 2 - 2] 

— [3] [ai + 2] [ai + 1] [a 2 ] [a 2 — 1] [a 2 — 2] 

+ [01 + 3] [ 0l + 2] [a 2 ] [a 2 - 1] [a 2 - 2]) X 1 ai+1 X 2 a2 “ 3 ■ ■ • X“» 

_ [a 2 ] [a 2 —^1] [a 2 — 2] ( _ _ x] + [3][ffli + 1][ai] 

- [3][ai + 2] [01 + 1] + [01 + 3][ai + 2])x i ai+1 X 2 ° 2 “ 3 • • - X“» 

= 0 . 


(E 2 ai E a2 - [2] ai F ai F Q2 F ai + E^EljX?' • • • X*> 

= MM ([ai + 1][ai][ai_1][ai ~ 2] 

- [2] ai [ai][ai - l][ai - l][ai - 2] 

+ [ 01 ] [ ai - l][ai - 2][ai - 3])x i ai+3 X 2 a2 - 1 • • - X“' 

+ [01 - 3])xj* 1+3 X£ 3_1 • • • X“» 

= 0 . 
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For i > 1: 


(ElE ai+1 -[2)E ai E ai+1 E ai + E ai+1 El)X? ■ • • X? 

= [a i+1 ][a i ]([o i + 1] - [2][a*] + [a, - l])*? 1 • ■ ■ X“^ +2 X?'~ l X^ 1 ■ ■ ■ X a n 
= 0 . 


(El i+i E a -[2]E ai+1 E ai E ai+1 + E ai El i+i )X^ • • •*“» 

= [a i+1 ][a i+1 - l]([o»] - [2] [oj + 1] + [a, + 2])^ • • • • • •*“' 

= 0 . 


(^/ a2 - [2] ai F ai F„ 2 F ai + F a2 F^)X^ • • •*“» 

= M[2l ([ai] “ [2]ai[ai + 2 1 + [° + 4])*r i+3 ^ +1 • • • X? 

= 0 . 

(F* 2 F ai - [3}Fl 2 F ai F a2 + [3]F Q2 F Ql F 2 2 - F ai F^ 2 )X“ 1 • • • X“" 

= pj([ ai + 2 H a i + 1][ a i] ~ [3][ai][oi + l][oi] 

+ [3][oi][ai - l][ai] 

- [arHar - l][ Ql - 2])X a 1 ^ 1 X^ +:i 

= |f( [ai+2][ai + 1] “ [3][ai + 1][ai] 

+ [3][ai][ai - 1] 

- [a, - l][ar - 2])X^~ 1 X? +3 • • • X? 

= 0 . 

For i > 1: 

(FlF ai+1 -[2]F ai F ai+1 F ai + F ai+1 Fl)X^ • • ■ X? 

= [a i _ 1 ][a i _ 1 - 1](N - [2][a, + 1] + [a, + 2])*? 1 • • • X^ 1 " 2 ^ +1 X“;+ 1+1 ■ • • X“- 
= 0 . 

(^ +1 ^-[2]^ +1 ^^ +1 + Fo'F^JX? • • - X“» 

= [a i - 1 ][a i ]([a i + 1] - [2][a<] + [a, - l])^ 1 • • • X^^Xf^X?^ 2 • • ■ 

= 0 . 

So we have shown that V is a f7 g (g)-module. Note that V is admissible of 
degree 1 and V = V even ® V odd where V even are even degree polynomials and 
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yoM are degree polynomials. Furthermore we see that V even = L(uj + ) and 
yodd _ L(uj~) where w ± are the weights defined by uj + {K ai ) = q~ x , u + {K ai ) = 
1, i > 1 and a j~(K ai ) = g -3 , co~(K a2 ) = q~ 1 , uj~(K ai ) = 1, i > 2. V ei;en is 
generated by 1 and F od “ is generated by X±. We will use the fact that L(lo + ) 
is admissible in Theorem 18. 171 in the next section. 

8.5 Type B, C, F 

In this section we classify the simple highest weight admissible modules when g 
is of type B, C or F. Remember that we have assumed that q is transcendental. 

Theorem 8.16 Let g be a simple Lie algebra not of type G 2 - Suppose there 
exists an infinite dimensional admissible simple U q (g) -module. Then g is of 
type A or C. 

Proof. If g is simply laced then Theorem 18.141 gives that g is of type A. So 
assume g is not of simply laced type. Theorem 18.11 and the classification in 
the classical case tells us that no admissible infinite dimensional simple high¬ 
est weight modules exists with integral weights when g is not simply laced 
(cf. [ MatOO . Lemma 9.1]). 

We have assumed that g is not of type G 2 so the remaining non-simply laced 
types are B , C or F. We will show that the Dynkin diagram of g can’t contain 
the subdiagram 

Q!i OL2 Ot3 

m <' m - m 


Assume the Dynkin diagram contains the above as a subdiagram. If there 
exists a simple admissible infinite dimensional module L then there exists a 
non-integral A G X such that L(A) is infinite dimensional and admissible (The¬ 
orem I5T21) . Let A G A' be a non-integral weight such that L( A) is admissible. 
Then by Lemma f8.8l q p X(K ai ) G ±9^ = ±g z . By Lemma lS.lll and Lenmia l8.12l 
we can assume without loss of generality that the colored Dynkin diagram of A 
is of the form 

CL\ Of2 a 3 

• < o - o . 


Let s be the simple rank 3 Lie algebra of type B 3 . Let U be the subalgebra 
of U q generated by E ai ,F ai ,Ki = 1,2,3. Then U = U q (s). Let Q s := 
Z{ai,a 2 ,a 3 } C Q. Let v\ be a highest weight vector of L{ A). Then Uv\ 
contains the simple highest weight t/ 9 (s)-module L(A,s) of highest weight A 
(restricted to I/°(s)) as a subquotient. Since L( A) is admissible so is L( A,s). 

Like in the proof of Lemma 18.61 we get a contradiction if we can show that 


Tl(\,s)ATs<* 2 L ( Sc , 2 .\,s) generates Q 5 . It is easily seen that {— a\— « 2 , —cr 3 , — 2ai — 
a 2 j C Tt ( A,a) nT>» 2l (s „ 2 .a, s ), so Tl(a,s) n T«a 2£(Sa2 . Ai3) generates Q s . So 
C'(L(A,s))DC'( s “ 2 L(s Q2 .A,s)) generates Q s . Therefore C(L(X, s))— C( Sa ^ L(s a2 .A, s)) = 

Q s . The weights of L(X,s) and L(s a2 .A, s) are contained in q®‘ X so a weight 
in the essential support of L(X,s) (resp. Sa 2 L(s ct 2 .X 1 s)) is of the form q Pl X (resp. 
q P 2 X) for some pi,p 2 G Q s . By the above g c(L(A ’ s))+ ' il Anq c(S “ 2 L(s “2 A ’ s))+/i2 A / 

0. Since q G ( L (^))+ui X C Supp ess (L(A)) C Supp ess ( s “ 2 L(s Q2 .A,s)) 


we have proved that Supp ess ( s “ 2 L( Sa2 .A,s)) H Supp ess (L(A,s)) ^ 0. By Propo¬ 
sition [HUH] L( A,s) and s “ 2 L(s a 2 .X,s) are subquotients of L(X,s)f 0 ■ Let v G 
Supp ess ( s “ 2 L(s a2 .A,s)) n Supp ess (L(A,s)). Then by Lemma f4.22l L(X.s)„ = 
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(L(\,s)F a2 )v — ( s “ 2 L(s Q2 .A,s))„ so by Theorem 12.71 L(A.s) = s “ 2 L(s a2 .\,s). 
This is a contradiction by looking at weights of the modules. □ 

Theorem 8.17 Let q be a simple Lie algebra of type C n (i.e. g = sp(2n)). Let 
ai ,..., a n be the simple roots such that cti is connected to a^+i and a\ is long 
- i. e. the Dynkin diagram of C n is 

Oil OL2 OLn-1 OLn 

• > • . • - • . 

Let A G X. L( A) is infinite dimensional and admissible if and only if 

• A (K ai ) G ±q N for 1 < i < n 

• A (K ai ) G ±q 1 a { 2+Z = ±q 1+22 

• X(K ai+ol2 ) G ±q z ^~ 2 

or equivalently q p X(Kp) G ±<7 Z>0 for every short root (3 G < h" 1 " and A(A'^/) G 
±q 1+2Z for every long root (3' G $ + . 

Proof. Assume A (K ai ) qL ±q N for some * > 1. Then by Lemma 18.111 there 
exists a A' such that L(X') is admissible and such that X'(K a2 ) qL q n . Let s 
be the Lie algebra sp(4) with simple roots a 2 and ai. Let U be the subal¬ 
gebra of U q generated by F ai , F a2 , K ai , K a2 , E ai , E a2 . Then U = U q (s) as 
algebras and Uvy contains the simple highest weight /7 9 (s)-module L(X',s) of 
highest weight A' (restricted to t/° a (s)) as a subquotient. Since L( A') is admis¬ 
sible so is Uv a' hence L(X',s) is admissible. So X'(K a2 ) G ±q N by Lemma 18.81 
A contradiction. So we have proven that A (K ai ) G ±( 7 N for 1 < i < n is a 
neccesary condition. We get also from Lemma [8.81 that X(K ai ) G g 1+2Z and 
q 3 X(K ai+ct2 ) = q p X(K ai+a2 ) G ±q L>0 which shows that the two other condi¬ 
tions are neccesary. 

Now assume we have a weight A G X that satisfies the above. So A (K ai ) = 
q~ 1+r for some r G 2Z. We can assume r G N by Lemma 15.111 and Proposi¬ 
tion [A6] (if r < 0 replace A with si.A, L( A) is admissible if and only if L(si.A) 
is). We have A = w + Xo for some dominant integral weight Ao and L(A) is a 
subquotient of L(uj + ) <8 >L(Ao). Since L(uj + ) is admissible and L(Ao) is finite 
dimensional L(uj + ) ® L( Ao) is admissible and since L( A) is a subquotient of 
L(co + ) <8> L(Ao), L( A) is admissible as well. □ 

Corollary 8.18 Let q be a simple Lie algebra of type C n (i.e. g = sp(2 n)). Let 
ai, ..., a n be the simple roots such that at is connected to and a± is long. 

Let (3j = oti + ■ ■ ■ + aij, j = 1,..., n and E = {/?i,..., /?„}. Let Fp j = 
T S1 ■ ■ ■ T Sj _ 1 (F aj ) and let F s = {q a Fjf( ■ ■ ■ F |a* G N, a G Z} be the correspond¬ 
ing Ore subset. Then E is a set of commuting roots that is a basis of Q with 
corresponding Ore subset F%. 

Let L be a simple torsion free module. Then there exists a A G X with 
A (Kp) G ±q N for all short (3 G < 1 > + and A (K 7 ) G ±q 1+2Z for all long 7 G $+ 
and a b G (C*) n such that 


L = (pF s h-L(X) Fs 
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Proof. By Theorem lS. 12l there exists aAel such that £XT{L) = £XT(L( A)). 
By Proposition 15.61 L(X) is admissible and by Theorem 18.171 A is as described in 
the statement of the corollary. Now the result follows just like in the proof of 
Corollary [5J3] □ 

In Section [TU] we determine all b G (C*) n such that <pF s ,b-L(X)F s is torsion 
free (with E and A as above in Corollary 18. 181) . By the corollary this classifies 
all simple torsion free modules for type C. 


9 Classification of simple torsion free modules. 
Type A. 

In this section we assume g = s[„+i with n > 2. Let II = {ai,..., a„} 
denote the simple roots such that (a^oii+i) = —1, i = l,...,n — 1. Set 
/ 3j = s i • • • Sj-i(atj) — cki + ■ • • + Oj, then E = {/3 ±,..., /3 n } is a set of com¬ 
muting roots with corresponding root vectors F f g. = T Sl ■ ■ ■T Sj l (F OCj ). We will 
show some commutation formulas and use these to calculate ipF s .b on all sim¬ 
ple root vectors. This will allow us to determine exactly for which b G (C*) n , 
ipF s ,h-L(^)F s is torsion free, see Theorem 19.81 

Choose a reduced expression of wo starting with si • ■ • s n and define roots 
71 ,, 7 jv and root vectors F ~ n ,..., F 1N from this expression. Note that Fg i = 
F^. for i = 1 ,..., n. 

Proposition 9.1 Let i G {2,..., n} and j G {1,..., n}. 


and 


[Fai 5 Ff3j 


Fp i} ifj = i~ 1 

0 , otherwise 


[Fai 1 Fpj\ 


Fp^Kzt, 

0 , 


if 3 = i 
otherwise. 


Proof. We will show the proposition for the F’s first and then for the E’s. 

Assume first that j < i — 1. Then clearly [F aj . FpA q = [F ai , Fp. ] = 0 since 
cii is not connected to any of the simple roots ol\,... ,aj appearing in /3j. 

Then assume j > i. We must have at = jk f° r some k > n since { 71 ,..., 7 iv} = 
>I> + . By Theorem KI .21 [iA, , Fg. ] q is a linear combination of monomials of the form 
FfFl ■ ■ • Fffzl ■ For a monomial of this form to appear with nonzero coefficient 
we must have 

k -1 

'y ^ a,hlh = Oil + ftj = OL\ + • • • + OLi— 1 + 2 Oti + OtiF 1 + . . . Oij. 
h=j +1 

For this to be possible one of the positive roots 7 s , j < s < k must be equal to 
ai+ct 2 + ■ —b ct m for some m < j but aq + a 2 + ■ • • + a m = 7 m by construction 
and m < j < s so m s. We conclude that this is not possible. 
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Finally we investigate the case when j = i — 1. We have 


[Fat ) Ffii_\\q — [T Sl • • • T Si _2 ( Fcti )) 2^1 • ' • 2si_ 2 {F cti _ 1 )]q 

= T Sl ■ • ■ T Si 2 ([Fa^Fa^^q) 

=T S1 ■■■T Si _ 2 T Si _ 1 (F ai ) 

=Fp t - 

For the E’ s: Assume first j < i: Since Fp, is a polynomial in F ai ,..., F aj , 
E ai commutes with Fp, when j < i. 

Assume then j = v. We have by the above 

Ffii = [Fail Fg i _ 1 \q 


so 


[E ai ,F Pi ] HEaAF^Fg^-q-^-^Fg^F^)} 

=[F ai , Fa^Fg^ - qFg i _ 1 [E ai , F a J 

I< ai - K~l n n K at - A '-. 1 

=- z^—Fg^ - qFp i _ 1 -zj— 

9 - 9 1 q-q 


=F 


qK ai - - gAT ai + qK, 


-1 


Pi -1 


9-9 


-l 


=Fp i _ 1 K~l. 


Finally assume j > i: Observe first that we have 


L s i+ 1 


■Ts^F^ =^2u s F ai+1 u' s 


for some m G N and some u s ,u' s that are polynomials in F ai+2 ,... ,F a .. Note 
that T Si (u s ) = and T Si (u' s ) = w' s for all s since a* is not connected to any of 
the simple roots c^+ 2 , • •. ocj • So 


T T 

J-Si-l-Si+l 


‘T Sj _ 1 F aj —T Si UsF ai+1 u s J 

m 

= J2 u s T Si(F ai+1 )u s 

S— 1 

m 

= ^ ' u s(F ai+1 F ai — qF ai F c 


oti+ 1 ; 


— ^ ' u s F ai+1 u s F ai qF ai ^ ' u s F ai+1 u s 

5 = 1 S=1 

= T Si+1 ■ ■ ■ T Sj _ 1 (F a . )F ai — qF ai T Si+1 ■ ■ ■ T Sj l (F a .). 


Thus we see that 


-Fft =2 1 5i ■ ■ -T Si - ■ -T Sj _i (F aj ) 

= 2 1 Si+1 • • • T’sj.i (F aj )T Sl • • • (F Qi ) — qT Sl ■ ■ ■ T Si l (F ai )T Si+1 ■ ■ ■ T Sj _ 1 (F aj ) 
= 25 i+ i • • • F Sj _ 1 ( F aj )Fpt — qFp/T Si+1 • ■ • T Sj l ( F aj ) 
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and therefore 


[E ai ,F 0j \ =T S . 


• Tsj -1 {F aj )[E ai ■, Fpi] q[E ai i Fpi]T Si+ 1 • • • T Sj _ 1 ( F aj ) 


=T Si+1 ■ ■ ■ T Sj _ 1 (F aj )F 0i _ 1 K~^ 
=F f)i _ 1 T Si+1 ..-T Sj _ 1 (F a] )K- 1 
= 0 . 


— qFp i _ 1 K~^T Si+1 ■ ■ ■ T Sj _ 1 (F aj ) 
-F Pi _ 1 T Si+1 ---T Sj _ 1 (F aj )K~l 


□ 


Proposition 9.2 Let i £ {2,..., n}. Let a £ Z>o- Then 


[ F ^Fl_ i \ q = [a]F^F 0 , 


and for b £ C* 


TFp i _ 1 ,b(F ai 'j — bF ai T 


b — b~ 


Ft\Fb 


q-q- 1 


Proof. The first claim is proved by induction over a. a = 1 is shown in Propo¬ 
sition O The induction step: 

F at F£ 1 = (q a F^ i _ 1 F ai + [a]F“-\F 0i ) F 0i _ 1 

=q a+1 FZ\Fa i +q a F^_ 1 F 0 i +q- 1 [a}Fl_ l F 0i 

=<f +1 F$t\F ai + [a + l]F 0ii F 0i . 

So we have proved the first claim. We get then for a G Z>o 


Vf^AFo,) = F^F^F^ = q a F ai + 


q-q- 
q-q- 


- F ?L F ^ 


Using the fact that <p f p 1 ,b(Pa i ) is Laurent polynomial in b we get the second 
claim of the proposition. □ 


Proposition 9.3 Let i G {2,..., n}. Let a G Z>q. Then 


[FanFg} = q a ~ 1 [a\FS~ 1 F 0i _ :L K i 


-~1 


and for b G C* 

TF^,b{E ai ) = E ai + q~ X b b _ b ^_ 1 F 0 ^F 0i _ 1 K~^. 

Proof. The first claim is proved by induction over a. a = 1 is shown in Propo¬ 
sition urn The induction step: 

E ai F^ = (FIE^ +q a - 1 [a]F“- 1 F 0i _ 1 K-l) F 0i 

=F a 0 + 1 E ai + Fp i Fp i _ 1 K~i + q a+1 [a] F 0 . F 0i _ 1 K~^ 
=F a + l E ai + q a ( q ~ a + qla^F^K- 1 
=F a + 1 E ai + q a [a + l]F 0 .F 0i _ 1 K~r 
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This proves the first claim. We get then for a £ Z>o 

= F^ a E ai F a Pi = E ai + g ~V g ° F^F^K-?. 

Using the fact that tpFp. ,b(E ai ) is Laurent polynomial in b we get the second 
claim of the proposition. □ 

In our classification we don’t need to calculate <PF s .b(E ai ) but for complete¬ 
ness we show what it is in this case in Proposition 19.51 To do this we need the 
following proposition: 

Proposition 9.4 Let j £ {2, ..., n}. Then 

[E ai ,F^] = -qT S2 ■ ■ ■ T Sj _ 1 (F aj )K ai , 


for a £ Z >0 : 


[E ai ,Fo ] = ~q 2 - a [a]F^T S2 • • • T Sj _ 1 (F aj )K ai 


and for b £ C* : 

TFpj ,b(E ai ) = E ai — q b ^ ———j- Fp, T S2 ■ ■ ■ T Sj _ 1 (F aj )K ai . 

Proof. Like in the proof of Proposition l9.il we see that 

m 

T S2 ■ ■ ■ T S] _ 1 F aj = ^ u s F a2 u' s 

S=1 

for some m £ N and some u s . u' s that are polynomials in F a3 ,... F aj . Note that 
T Sl (u s ) = u s and T Sl (u' s ) = u' s for all s since a\ is not connected to any of the 
simple roots 03,... otj. So 


r F Sl T S2 ■ • ■T Sj _ 1 F aj —T Sl \^2 u sF a2 u s J 

m 

= ^u s TsAF a2 )u> 

S= 1 
m 

— ^ ^ U s (F 0:2 Foti QFot\F a 2 ^)u s 

S— 1 

m m 

— ^ ^ U S Fr% 2 U s F 0il qFr Xl ^ ^ U S Fr% 2 U s 

s= 1 s =1 

=T S2 - T s ^(F a,)F ai -qF ai T S2 • • ‘T Sj _ 1 (F a .). 


Thus 


[EauFfo] =T S2 • • •T J9i _ 1 (F Q!j .)[^Q 1 ,i r a 1 ] - q[E ai , F ai ]T S2 • --T Sj _ 1 (F otj ) 

=t S2 •. • T Sj _ 1 (F aj ) Kn ; ~ y - q k t ~, K r t * 2 • • • T >,-* ) 


—Fs 2 ''' T Sj _ 1 (F aj ) 


q-q q-q~ 

K — K _1 — n 2 K 4- A" -1 

ft ai J1 ai q ll ai ' Iy a i 


q-q~ 


= - qT S2 ■ ■ ■ T Sj _ 1 (Faj )K ai ■ 
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Note that T S2 • • • T Sj _ 1 ( F a .) is a polynomial in F a2 ,..., F aj . By Proposition 19. II 
[F ai ,F Pj ] q = [F ai ,F Pj \ = Ofor 1 < i < j and [F aj ,F Pj ] q = F^F^-q^F^F^ = 
0 so 


Ts 2 ''' T Sj _i (F aj )Fp j q FpjT S2 ■ ■ • T Sj _ 1 (F aj ) — [ T S2 ■ • ■ T Sj l (F aj ),Fp j ] q 

= 0 . 

The second claim is by induction on a: 

E ai F%+' = (F$.E ai - q 2 ~ a [a]Fp~ 1 T S2 ■ ■ ■T Sj _ 1 (F CCj )K ai ) F Pj 
=F a + 1 E ai - qF$.T S2 • • • T Sj _ 1 (. F a .)K ai 
-q- a [a\Fg j T B2 ---T Bi _ 1 (F ai )K ai 
=F a + 1 E ai - q l ~ a (<f + q-'la]) F$.T S2 • • • T Sj _ 1 (. F aj )K ai 
=F a p + 1 E ai - q l ~ a [a + 1 ]F|.T S2 • • • T Sj _ 1 (F a .)K a% . 

So we get for a £ Z>o: 

<PF Pj ,AE ai ) = Fg a E ai F a p . = E ai - q 2 q~ a qa q ~^ T S2 ■ ■ ■T Sj _ 1 (F aj )K ai . 

Using the fact that ipp p ,b{E cn ) is Laurent polynomial in b we get the third 
claim of the proposition. □ 

We can combine the above propositions in the following proposition 


u -1 


FF s ,b{E ai ) =VF Pi , bi {E ai ) = E ai +q 1 b i b *_^ l _ 1 F 0i 1 Fp i _ 1 K a ^. 


ie{ 2,. 

.., n}. For b = (61, . 

'TX+i-- 

’bn 1( PFp._ 1:b ._ 1 (F ai ) 

\X+i • • 

■ b- 1 (b i - 1 F ai + ^± 


Furthermore 


f -p Fy .h ( F a i ) 62''' b n F a 


and 


l fiFs,b{Ea 1 ) —E a 1 q } ' bjb i+1 ■ 
i=2 



■ ■ b n lb -^T F h- T °* ■ ■ • T -i-i 

- fcr 1 )^ 1 • • • b-'Ka 1 - q - 1 ^! ■ • • fen-ftT" 1 ) 
(q-q - 1 ) 2 


Proof. The first two equations follow from Proposition l9.ll Proposition ^.2l and 
Proposition 19.31 The third follows because F ai = Fp x q-commutes with all the 
other root vectors Fp 2 ,..., Fp n (see also the discussion before Definition 14.191) . 
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For the last equation we use Proposition 19.41 

<PF s ,b(E ai ) =<AF>„,b„ o • • • o ip F/3iM (E ai ) 

Ery , — Fa 


=t PFp n ,b n O • • • O (p F f, 2 ,b 2 F'a 1 - 


l (6i - bi)(qbi K ai - 


(g-g- 1 ) 2 


6 2 - ba 1 


2i — CJo —1 

=( PFp n ,b n ° * ’ * ° ^Fp 3 ,b3\^ai Q ^2 ~ ^ -* 0-2 ^oti 

_ b -i F -i Qi - ^ 


^2 


( 9 -g - 1 ) 2 


n b -b~ x 

=S Q1 - q 2 Y, bjbjl 1 • • • b~ 1 -^——^-F^ 1 T S2 • • • (F ttJ )tf ai 

J=2 q q 

-1 ,-1 p-1 Oi - ^r 1 )^ 1 ■ • • kn 1 -^! - 9 _lfo i • • • bnK~l) 


^2 ' ' ’ -^/3i 


(g-g- 1 ) 2 


a 


Proposition 9.6 Let X be a weight such that X(K ai ) £ ±q N /or * = 2 ,... ,n 
and X(K ai ) (jj ±q N . Let b = (bi ,... ,b n ) £ (C*) ra . Let * £ {2,... , n}. Then F ai 
acts injectively on the U q -module y?F E ,b-L(A)jy, */ and only if bi (f ±q z aad F ai 
acts injectively on tp Fs ,b-L(X) Fs if and only ifbi-i ±g z . 


the C/g-module 


Proof. By Proposition ^. 101 and Corollarv l4.20l a root vector acts injectively on 

'•P Fs, (b i,..., b n ) ■ L ( ^ ) Fs 
if and only if it acts injectively on 

VFs ,(El9 n tlr-'iEn?*” b n ) ■I J (X') F - S 

for any i\,... ,i n £ Z and £\,.. ., e n £ {±1}. 

Assume there exists a 0 / w £ ip Fst h-L(X) Fs such that E ai v = 0. We have 
v = Fp* ■ ■ ■ Fp2 ®v' for some ai,..., a n £ Z<o and some v' £ L(A). So E ai v = 0 
implies 

0 = v Fs .b(E ai )F a pl ■ • • Ffc ®v' = F a pl • • • Ffc » <pp B ,c{E at W 

where c = ( q ai b ±,..., q an b n ). So there exists a v' £ L(A) such that ip FstC (E ai )v' = 
0. That is 


E ai + q^Ci^-^F^F^K-; ) v 1 = 0 


or equivalently 


c — 1 _ c . 

F Pi E ai v' = q~ 1 Ci— - ^Fs^K-W. 


q-q 


— l Pi-i a.i 


Since L(A) is a highest weight module we have some r £ N such that E^.v' 0 

and Eff rl v' = 0. Fix this r. We get 


E^F 0i E ai v’ = EWq-'a^-^-F^K-fv 


52 














and calculating the right hand side and left hand side we get 


= q- 1+2r a, 


C i 1 - Ci 


-,-1 


F*._, K~}E$i 


So we must have 



or equivalently c* = Fq~ r . Since Cj £ q z bi we have proved the first claim. 

The other claim is shown similarly (see e.g. the calculations done in the 
proof of Proposition 110.51 The calculations will be the same in this case). □ 


Proposition 9.7 Let M be a weight U q -module of finite Jordan-Holder length 
with finite dimensional weight spaces. Let a £ II. If E a and F a both act 
injectively on M then E a and F a act injectively on every composition factor of 
M. 


Proof. Let V be a simple £/ g -submodule of M. Let /i be a weight of V. Then 
V/j. is a simple (E/ g )o-module by Theorem l2.7l and E a F a and F a E a act injectively 
on Vfj, by assumption. Since dim < oo this implies that F a E a and E a F a 
act injectively on the (U q )o module (M/V)^ = M^/V^. Since M/V is the sum 
of its weight spaces this implies that E a F a and F a E a act injectively on M/V. 
This in turn implies that E a and F a act injectively on M/V. Doing induction 
on the Jordan-Holder length of M finishes the proof. □ 

The above proposition is true for a general simple Lie algebra g and we will use 
it in the next section as well. 

Theorem 9.8 Let X be a weight such that X(K ai ) £ ±g N for i = 2,... ,n and 
X(K ai ) ±q N . Let b = (b±,..., b n ) £ (C*) n . Then tpFs,b-L(\)F s is simple and 
torsion free if and only if bi ±g z , i = 1 ,... ,n and X(K ai )~ 1 bi ■ ■ ■ b n ^ ±g z . 

Proof. By Proposition 15.101 L(X) is a subquotient of 
81 (7 , F Sl (A(if Q1 ),l,...,l)- L(A)f e ) ■ 

So by Lemma lOl we get (using that L( A) = Sl ( Sl L(A))) for any c = (ci,..., c n ) £ 

(C*) n 

( \ SS 

VF s ,(\(K ai )c- 1 -c^ 1 ,c 2 ,...,Cn)- L W F x) ■ 

We have X(K a2 ) = eq r for some r £ N and some e £ {±1}. We see in the proof 
of Lemma [5 .111 that L(A) is a subqoutient of 

62 ( l PFv,(e,e,l,...,l)-L(X)Fv) ■ 

We get by Lemma [O] (using that L( A) = 52 ( S2 L(A))) for any c = (ci,..., c n ) £ 
(C*) 71 _ 

(VFx,c-L(\)fx) SS = 82 ( ( fF s ,( S c 2 , E c 1 ,c 3 ,...,c n )- L WF s ) SS ■ 
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Combining the above we get 


( ( PFs,b-L(X)F s ) SS — 82 ( <PF s ,(eb a ,ebi,b 3 ,...,b n )-L()‘)F s ) 

- S2 ( Sl (vF s ,(MK ai )bi 1 -b- 1 ,sb 1 ,b 3 ,-,bn)- L (^') F z)) 

- SlS2 (^F s ,(X(K ai )b- 1 ---bn 1 ,eb 1 ,b 3 ,---,bn)- L ^ F ^) ■ 

Since T^T^ 1 (E ai ) = E a2 and (F ai ) = F a2 we get by Proposition GEH 

that E ai acts injectively on SlS2 (v F vXHK ai )bT 1 --bn\eb u b 3 ,...,b n )- L ( X )Fv) if and 

only if 61 £ ±g z andF ai acts injectively on^ (v FE ,(\(K ai )bz 1 ---b^\eb 1 M,...,b n )- L WFz) 
if and only if X(K ai )~ 1 bi ■ ■ ■ b n ^ ±q z . 

Assume <^F E ,b-L(A)F E is torsion free. Then all root vectors act injectively 
on ipF s ,b-L(X)Fs ■ We claim <^F s ,b-L(A)F s is simple: Let V C <pF s ,b-L(A)F s 
be a simple module. Then V is admissible of the same degree d as L(X) by 
Proposition 15.61 and because all root vectors act injectively dim V q ,<\ = d for all 
M € Q. So V = ipF s ,b-L(X) Fs - Thus (^F S: b-L(A)F s ) ss = ipF s ,b-L(X) Fs . Then 
by the above 

( PF s ,b-L(X) Fs = SlS2 ( < VFv,(HK ai )bZ 1 ---b^ 1 ,ebifo,...,b n )- L W F z) ' 

This shows that when <PF s .b-L(A)F E i s torsion free we must have A(/\ ai ) _ 1 6 i • ■ ■ b n ^ 
±q z . By Proposition 19.61 L ^ ±g z , i = 1,... ,n. 

Assume on the other hand that bi ^ ±q z for i £ {1,..., n} and X(K ai ) _1 fei • • • b n ^ 
±q z . By Proposition 19.61 we get that the simple root vectors E a2 ,..., E an and 
F ai ,..., F an all act injectively on <^F E ,b-L(A)F E ■ We need to show that E ai 
acts injectively on the module. By the above 

(<AF s ,b~L(A)F s ) — SlS2 (v 5 F E ,(A(F c , 1 )b- 1 - h- 1 ,e6i.63,...,b n )-^'(^)'PE) 
and the root vectors E ai , F ai act injectively on 

SlS2 ( [^F s ,(X(K ai )b- 1 -b^ 1 ,eb 1 ,b 3 ,...,b n )- L W F s ) ■ 

Then by Proposition ^. 71 -fi^ act injectively on all composition factors of tpF s .b-L(X) f s ■ 
Let V be a simple C/ g -submodule of tpF s ,b-L(X)F s - By the above all sim¬ 
ple root vectors act injectively on V and then like above this implies V = 
ifiF- £ ,b-L(X)F- s be. (fF s ,b-L(X)F s is simple and torsion free. □ 

By the comments after Corollary 18.151 the above Theorem completes the 
classification of simple torsion free modules in type A. 

10 Classification of simple torsion free modules. 
Type C. 

In this section we assume g is of type C n (i.e. g = sp 2n ) with n>2. Let II = 

{«i, ..., a n } denote the simple roots such that (a'i|a'j+i) = — 1 , i = 2, ..., n — 1 , 

(a 2 , a\) = —1 and (au, a 2 ) = —2 i.e. a\ is long and <xi,... ,a n are short. 
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Set j3j = s i • • • Sj-i(aj ) = »! + ••• + Qj, then S = {/3i,..., /?„} is a set of 
commuting roots with corresponding root vectors Fq, = T Sl ■ ■ ■ T Sj _ 1 (F aj ). We 
will show some commutation formulas and use these to calculate <pf s . b on most 
of the simple root vectors. 

Choose a reduced expression of w o starting with si • • • s n si • • • s n _i and de¬ 
fine root vectors F lx ,..., F 1N from this expression. Note that Fp t = F li for 
i = 1,..., n. Note for use in the proposition below that for j £ {1,..., n — 1}, 

7 n-\-j — Si * • • — OC\ “b 2ol 2 “b Oi 3 “b 

and 

F-y.n+j = Tsi •' • T Sn T s 1 • • • T Sj _ 1 (F aj ) 

=T Sl ■ ■ ■ T Sj+ 1 T Sl ■ ■ ■ T Sj _ 1 ( F aj ). 


In particular F ai+2a2 = T Sl T S2 (F ai ). 

Proposition 10.1 Let i £ {2, ..., n} and j £ {1,..., n} 


and 


[Fat , Fp j } q 


( [2]i 7 h 1 +2a 2 ; 

J C , Q , 1 _|_2 Q . 2 +a 3 H-h ctj > 



if j = i = 2 

if i = 2 and j > 2 

if j = i~ 1 

otherwise 


[E ai ^ Fpj ] 


[2}F 01 K- 2 \ ifj = 2 = i 
if j = i> 2 

0, otherwise. 


Proof. We will show the proposition for the P’s first and then for the P’s. 
Assume first that j <i — 1. Then clearly [F ai , Fp^q = [F ai , F^] = 0 since a,; is 
not connected to any of the simple roots ol\,, otj appearing in /3j. 

Then assume j > i > 2. We must have (Xi = 7 & for some k > n since 
{ 7 i,..., 7 jv} = < f >+ . By Theorem 13.21 is a linear combination of 

monomials of the form F^fff • • ■ F^zl ■ For a monomial of this form to appear 
with nonzero coefficient we must have 

k -1 

'y ' ahZh = Q-i + /3j = ai -T • ■ ■ + on— \ + 2oti + C 7+1 + ... olj. 
h=j +1 

For this to be possible one of the positive roots 7 s , j < s < k must be equal to 
a\ + a 2 + ■ — b a m for some m < j but aq + a 2 + ■ • • + a m = 7 m by construction 
and m < j < s so m ^ s. We conclude that this is not possible. 

Assume j = i — 1. We have 

[Fai j F^ i _ 1 ] q =[T Sl ■ ■ ■ T Si _ 2 ( F ai ), T Sl ■ ■ ■ T Si _ 2 {F oli _ 1 )] q 
=T S1 ■ ■ -T Si _ 2 ([F ai ,F ai _ J 9 ) 

=T Sl ■ ■■T Si _ 2 T Si _ 1 (F oli ) 

= Fpf 
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Assume j = 2 = i. Then 


[-^Q !2 5-^/32 ]q —-^CK 2 ^>2 Ff^ 2 Fa 2 

=F a2 (F a2 F ai - q 2 F ai F a2 ) - ( F a2 F ai - q 2 F ai F a2 )F a2 
= (m F'a 1 F a2 — q[2]F a2 F ai F a2 F F a2 F ax ) 

= [2]T" 1 (F ai ) 

= [2]T- 1 T S2 T Sl T S2 (F ctl ) 

= [2]T S1 T S2 (F Q1 ) 

[2]-F 0!1 +2a2 • 


Assume i = 2 and j = 3. Then 


Acti+2a2 + CK3 ^7n+2 

= T Sl T S2 T S3 T Sl ( F a2 ) 

= T Sl Ts 2 T s i T S3 (F^ ) 
=T Sl T S 2 T Sl (F a 2 F a3 - qF a 3 F a2 ) 
=F a 2 Ffj 3 — qFg 3 F a2 . 

Finally assume * = 2 and j > 3. We have 




— f 1 

~ r ln+j- 

-1 





h" 

II 

T s . 

b 3 

T 

-2 ■ L Sj-i 

T T 

± Sj ± 8 1 

1 

CM 

1 

CO 

1 

i) 

h" 

II 

T s 

T • ■ 

-2^Sl 

• T 

± Sj -3 

T Sj _ l T Sj _ 2 T Sj (. F aj _ 

i) 

h" 

II 

T Sj 

T • • 

-2^Sl 

• T 

J -Sj -3 

T Sj _ 1 T Sj _ 2 (F a:i _ 1 F aj - qF c 

E-? 

II 

T Sj 

T • • 

-2^Sl 

• T 

- L Sj -3 

1 

1 

CM 

1 

- qT Sj _ i 

=Fa 2 Fg 

~ 

Fa 2 




— [-FcC 2 ) Ffij ] q 

using the facts that T Sj _ 1 T Sj _ 2 (F a ._J = F Q ._ 2 and T Sl • • • T Sj _ 2 T Sl ■ ■ ■ T Sj _ 3 (F aj _ 2 ) 
F aa by Proposition 8.20 in [Jan96 l| (The proposition is about the E root vectors 
but the proposition is true for the F’s as well). 

For the E’s: Assume first j < i: Since Fg, is a polynomial in F ai ,..., F a ., 
E ai commutes with Fg. when j < i. 

Assume then j = i: We have by the above 

Fp< = \Fui,Fpi-i]q 
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[E at ,F Pi ] =[^ ai ,(F ai F ft _ 1 -q-^-^F^F^)} 

= [-Ea i ,-Fa i ]i ? /3 i _i - Qa i - 1 F^ t _ 1 [E ai , F ai ] 

K — ft' -1 K — ft' -1 

Y Oi p 77 ? n «i ft Qi 

_1 ^ fii— 1 QoLi—l-^fii—1 — 1 

g-g 1 1 

Qcti- i^ai ~ 9ai_i^a f — Qa i - 1 K ai + q ai _ 1 K q 


9“*-i - «««-i p p-1 
- g-9-1 


[2]^-!^/, if * = 2 




otherwise. 


Finally assume j > i: Observe first that we have 

m 

T Si+1 • • 'T Sj _ 1 F aj = u s F ai+1 u s 

s=1 

for some m € N and some rt s , that are polynomials in F ai+2 ,... F a .. Note 
that T Si (u s ) = it s and T Si (u' s ) = i4 for all s since a,: is not connected to any of 
the simple roots a,_|_ 2 , • ■ • ay. So 


T Si T Si+1 ■ ■ ■ F a . —T Si j y~^ u s F ai+1 u s 


= ^2u s T Si (F ai+1 )u' s 

5=1 

m 

y ' u s{Fg i+1 F ai — qF ai F ai+1 )u s 

S=1 

m m 

y ' u s F ai+1 u s F aj — gF ai y ' u s F ai+1 u s 

S=1 S=1 

=T Si+1 ■ ■ • T s ._i (i 7 ^ ■ )F ai — qF ai T Si+1 ■ ■ ■ T Sj l (F aj ). 


Thus we see that 


Fpj =T S i ... T Si • • • (F 1 ^.) 

= T Si+1 ■ • ■ T SJ1 (F aj )T S1 ■ ■ ■ T Si l (F ai ) — qF ai T Si+1 ■ ■ ■ T Sj l (F aj ) 
= 21 i+ i ■' ■ F Sj _ 1 (F aj )Fp i — qFp/T Si+1 ■ ■ • T Sj l (F aj ) 

and therefore 

[F ai ,Fp } ] =T Si+1 ■ ■ ■ T Sj _ 1 (F aj )[E ai , Fp t ] — q[E ai ,Fp^\T 8i+x • ■ • T Si _ 1 (F <Xi ) 

=[ri](T Si+1 ■ ■ ■ T Sj _ 1 (F aj )Fp i _ 1 K~* - qFp i _ 1 K~^T Si+1 ■ ■ ■T Sj _ 1 (F aj )) 
■ ■■T Sj _ 1 (F aj )I<~ 1 - Fp^T,^ ■ ■ ■T Sj _ 1 (F aj )K~^) 
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where 



if % = 2 
otherwise. 


□ 


Proposition 10.2 Let i G {2,... ,n}. Let a G Z > g. Then 


[F ai ,FlJ q = [a^F^Fp, 


and for b G C* 


w (F ]= b'F a2 + ^F^F 02 , if i = 2 
' 3i - 1 ’ b “* \bF ai + ^EfrF^F^, otherwise. 


Proof. The first claim is proved by induction over a. a = 1 is shown in Propo¬ 
sition [9Tj The induction step: 


F ai F a p t\ = (qp i _ 1 Fp._ 1 F ai + [a^F^Ffr) F 0i _ x 

=^t}F;+\F ai + [a + 1 h^F^Fp,. 

So we have proved the first claim. We get then for a G Z > q: 

<PF Pi t'AFat) = F^F^Fl^ = q < p i _ 1 F oli + gft-i-gft-i jr-i 

qp^ - q Pi _ x 

Using the fact that <flFp. 1 ,b{F ai ) is Laurent polynomial in b we get the second 
claim of the proposition. □ 

Proposition 10.3 Let i G {2,..., n}. Let a G Z>q. Then 


[E ai ,Fl] = 


q^MF^Fp.K-^ if i = 2 
„a—1 r~l zpa—l ] 


q a ~ 1 [a]FS~ 1 Fp i _ 1 K l 


-1 
OLi 5 


otherwise. 


and for b G C* 

tpFp.AFat) = 


F a2 + q-^b^F^FpJL-^ ifi = 2 

Eat+q-H^Fl'Fp^K- 1 , 


otherwise. 


Proof. The first claim is proved by induction over a. a = 1 is shown in Propo¬ 
sition ED The induction step: For i > 2: 

E ai F^ = (F^+q^F^Fp^K-l) Fp, 

=F“+ 1 E ai + Fp.Fp i _ 1 K~^ + q^a^Fp^K-l 
=F a + 1 E ai + q a (q~ a + qWFf'F^K-? 

=F a + 1 E ai + q a [a + 1 U-^F^Kj. 
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For i = 2: 


E °, F ;t X = (l%E aa + 9° _1 [2] [a\Fp~ 1 F/3 1 K ~^) *> 2 

=F“ +1 F a2 + [2] F$ 2 Fp 1 K~^ + q a+1 [2] [a] Fp 2 Fp r K~ 2 
=F;+ 1 E a2 + q a [2](q- a + q[a])FlF 01 K-l 
=F“+ 1 E a2 + q a [2] [a + 1 ]f;f Pi K~\ 

This proves the first claim. We get then for a £ Z>o 


-2a 


i PFp i ,q a {E oli ) — Fg 4 E ai Fp. — 


-l 

q-q~ i ~ 02 
— 1 „a q^—q a z?—1 


p I 2„2a9 -9 

*Q 2 T <7 q ~ _ n —l 


FZ'F n ,K-^ 


E ai +q~\ aq -^F^F t 




if i = 2 
otherwise. 


Using the fact that ipp p . ,b{E ai ) is Laurent polynomial in b we get the second 
claim of the proposition. □ 


We combine the above propositions in the following proposition 
Proposition 10.4 Let i £ {3,..., nj. For b = (b ±,..., b n ) £ (C*) n 
FF s ,b(F ai ) =^ i _ 1 , b ._ 1 (F ai ) 

=bi-\F ai + 


bt-i - K- 


q-q- 




u -1 


*-PF-z,b(E (Xi ) — i PFp i , bi {F ai ) — E ai + q bi — ^ Fp i Fp i _ 1 K a . 


Furthermore 


¥>F s ,b(£« 2 ) = E a2 +q 1 [2]6 2 




F Pl K 


-l 

Ot 2 


and 

TF^,b (F a i) — &2 b n F a i. 


With similar proof as the proof of Proposition 19.61 we can show 

Proposition 10.5 Let A be a weight such that X(Kp) £ ±g N for all short /? £ 
$ + and A(A' 7 ) £ ±g 1+2Z for all long 7 € $ + . Let b = ( 61 , ..., b n ) £ (C*) n . 
E a2 acts injectively on the U q -module ipF s ,h-L(\)F s if and only if bo, (jL ±q z . 
Let i £ {3, Then E ai acts injectively on the module (pF s ,b-L(X)F s if 

and only if bi ±g z and F ai acts injectively on (fF s .b-L(X)F s if and only if 
bi -1 0 ±q z . 

Proof. By Proposition UTU] and Corollarv l4.20l a root vector acts injectively on 
the Uq-module 

VFv,{bi,...,b n )-L(\)Fv 

if and only if it acts injectively on 


Tf-s .(ei ?* 1 bi,...,e n q' rl b n ) ■-^ / {X)f s 
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for any ii, ..., i n G Z and E\,... ,e n G {±1}. 

Assume there exists aO^se <pF s ,b-L(\)F s such that F a( v = 0. We have 
v = Fp* ■ ■ ■ Fp^ ® v' for some ai,...,a„ G Z < 0 and some v' G L{ A). = 0 

implies 


0 = v^F^Ffc ■ • • Ffc ®v' = F a pl • • • F£ ® <p Fs AF ai W 

where c = (q ai b ±,..., q an b n ). So there exists aw' G L(A) such that ipF s ,c(F ai )v' = 
0. That is 

(c-.F,,, + ‘ Fftl.fg,) »' = 0 

or equivalently 


Fp i _ 1 F cti T 


— 1 C *-l C i-1 


g - g 


«' = 0. 


Let r G N be such that F^v' ^ 0 and F^f +1 A' = 0 (possible since \(K ai ) G 
±g N so — oti G F L (X)). So the above being equal to zero implies 


o =f£ (f^F^ + c7\ Cl1 J^ 1 


F B , v’ 


q - q 

= (lr\ 4 ^I ) + 9 - r ^Er 44 ) ) v ’ 


= M + g 




g - g 


-l 


FfrFgv’. 


Since Fg t F^} v' ^ 0 this is equivalent to 


0 = q r - q~ r + q~ r - q~ r C~A = q r - q ~ r c~\ 


or equivalently Cj_ \ = ±g r . 

The other claims are shown similarly. 


□ 


Proposition 10.6 Let X be a weight such that \(Kp) G ±g N for all short fj G 
$ + and X(Kj) G ±g 1+2Z for all long 7 G <b + . Let b = (bi,..., b n ) G (C*) n . 
Then F ai+ 2a 2 acts injectively on the U q -module ipF s ,b-L(X)F s - 

Proof. We can show similarly to the above calculations in this section that 

l2p , ft „2\ U 2 U ~2 bj - r.—1 17,(2) 


T F s ,b(F ai F2a 2 ) — ^2^«i+2a2 T (1 q )^2^1 


_ p— 1 ip\*J 

q2 _ q-2 r pi r P 2 ‘ 


t/ g -module 


By Proposition 14. 101 and Corollarv l4.20l a root vector acts injectively on the 

VF- S ,(b 1 ,...,b n )-L(\)F S 

if and only if it acts injectively on 


TFs,(eiq 11 b 1 ,...,Enq in b ra ) ■F{X)f s 
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for any i \,..., i n £ Z and £ 1 ,..., e n £ {±1}. 

Assume there exists aO/i)€ <pFz,b-L(\)F s such that F ai+2a2 u = 0. We 
have v = ■ ■ ■ Fjf n ® v' for some ai,..., a n £ Z and some v' £ L( A). So 

F ai + 2 a 2 v = 0 implies 

0 = lfi Fs ,b(F ai+2a2 )F^ ■ • • Fp" ®v' = Fpl ■ ■ ■ Fp” (g) ip Fs ,c( F ai+ 2 a 2 )v' 


where c = (q ai bi,... ,q an b n ). So there exists a v' £ L( A) and oi ,a n £ Z 
such that for c = (q ai bi,... 1 q an b n ), ipF s ,c{F ai + 2 a 2 W = 0. That is 


c 2 F Ql+2a2 + (1 - q 2 )c\c x 2 ^i- C - L ^F e< 1 F ( £ ) ) v' = 0 


q2 _ q -2 Pi P 2 


or equivalently 


F Pl F ai+2a 2 ^ + (1 - q 2 )c x : 


-2 

"1 zt»(2) 


q 2 -q ~ 2 02 


fry = o. 


So to prove our claim it is enough to prove that 


^ F Pi F ai+2a 2 T (1 


q 2 )c 



n'/0 


for any v' £ L{ A) and any ci £ C*. 

So let v' £ L{ A) and let ci £ C*. Let r £ N be such that Ea 2 v' ^ 0 and 
Ea 2 v' = 0 (possible since L(A) is a highest weight module). It is straightfor¬ 
ward to show that for a £ N: 




012 ?-^o:i+2a2. 


= q- a+1 [2)Fp 2 E^K t 


+ q i ~ 2a Fp 1 E^~ 2 ) K t 


-2 
Oi 2 


and 




( 2 )l _ J2-a 


02 


= q 


i m F 02 F Pi 


F (o_ 

OL2 


1 )r- 1 

C*2 


3—2a 


[2 ) F lE% 


- 2 ) K ~ 2 . 

C*2 


Using this we get 

< +2) (F Pl F ai+2aa + (i - q 2 )c r 2 p 

= (q- 2r + q^- 2r [2](l- q 2 )ci 2 
=q-^c^FlE^K- 2 v' 

7^0 

since Fp 1 acts injectively on L( A). Thus 
^ F 0 l F a 1 + 2 a 2 + (1 — q ) C 1 




pi. 2 ) 

r 02 



F;-. 


Ei r) I\~ 2 v' 

l Ot 2 Oi 2 


v' ± 0. 


□ 


Theorem 10.7 Let X be a weight such that A(ATg) £ ±q N for all short £ $ 
and A(A" 7 ) £ ±q 1+2Z for all long 76 $. Let b = (b x ,..., b n ) £ (C*) n . Then 
the U q -module </?F s ,b-f (A)f s simple and torsion free if and only if bi ±g z , 
i = 2,..., n and & 2 6 2 • • • b n ^ ±q z . 
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Proof. Let i 6 {2,..., n}. By Proposition ! 10. 51 E ai acts injectively on if Fs ^.L(X) Fs 
if and only if bi ±g z . If <f F - E ,b-L(X) F . s is torsion free then every root vector 
acts injectively. So if Fs ^.L(X) Fs being torsion free implies bi ±g z . 

Let £' = {/3(,..., f3' n } denote the set of commuting roots with /3( = oi + a 2 , 

P 2 = a\ + 2 ck 2 , /3j = ol\ + 2 o 2 + 03 + • • •+ccj, j = 3,..., n. Let Fa, := T Sl ( F a2 ) = 

Ffc, := T Sl T S2 (F ai ) = F ai+ 2an F'p'_ '■= T Sl ■ ■ ■ T Srl T Sl ■ ■ ■ T Sj _ 2 (F aj _ 1 ) = 

T S2 (Fp.) = F ai + 2 oi 2 +a 3 -\ —hc*j, j = 3,..., n (in this case we actually have FL = 

"j 

Fpi ) and Fj>> the Ore subset generated by F " g ,,..., F'p, . Similarly to the above 
calculations in this section we can show that for c G (C*) n 


<PF s „ c (F a2 ) =c- 1 ---c 3 - 1 c 2 - 2 (F a2 + q [2]c^ 1 ^-^ r (F l p,)- 1 F / p, 


Let v G L( A) and let r G N be such that F^Jv ^ 0 and Fjf 2 +1 ^v = 0 (possible 
since \{K a2 ) G ±g N ). Then we see like in the proof of Proposition 110.51 that 
ip f s ,,c(F a2 )v = 0 if and only if ci = ±q~ r thus <Pf s ,,c-L(X)f s , is not torsion 
free whenever Ci G ±g z by Proposition 14.101 and Corollarv l4.20l 

Set /(b) = ( 6^62 •••&„, 6/ 1 &3 1 •••&„, & 3 ,..., b n ). Then by Lemma PTTTT1 

{ip Fs ,b-L(\) Fs ) ss = (ifF s ,j(b)-L(X)F s ,) SS ■ 

If tpF s .b-L(\)F s is torsion free then it is simple so 

( PFs,b-L(X)F s —{FF s .h-L(X) Fs ) ss 

- (FF s ,,f(b)-L{X) Fs ,y s 

=V>F s ,j(b)-L{ X)p s ,. 

We see that ip F ^,b-L{X) Fs being torsion free implies b\b 2 ■ ■ ■ b n 0 ±g z . 

Now assume bi ^ ±g z , i = 2and b\b 2 ---b n ^ ±g z . By Proposi¬ 
tion 110.51 and Proposition 19.71 E ai and F ai , i = 3,..., n act injectively on all 
composition factors of ip Fst \ 3 .L(X) Fs . 

Let Li be a simple submodule of ip Fs ,\ } .L(X) Fs and let L 2 be a simple sub- 
module of (pp s , J(b)-L(X)F S , ■ By Proposition 110.61 F ai+ 2 a2 acts injectively on 
ipF s ,b-L(X) Fs . Now clearly {-au - a 2 , -ol\ - 2 a 2 ,a 3 , • ■ • ,ctn} C T Ll n T L2 so 
C(Li) fl C(L 2 ) generates Q. This implies that C(Li) — C(L 2 ) = Q. Since 
(ip Fs ,b-L{X) Fs ) ss = (<PF s ,j(b)-L(X) Fs ,y b we have wt L k C g < 3 (b _ 1 ) s A, k = 1,2. 

Choose Hi,H 2 € Q such that g Ml (b~ 1 ) s A G Supp ess (Li) and g /i 2 (b” 1 ) s A G 
Supp ess (L 2 ). Then obviously q c ( L i)+»i (b _1 ) z: A C Supp ess (Xi) and q G ^+^{h~ i yX C 
Su PPess (L 2 ). By the above g c ' (il ) +w (b- 1 ) E Ang c ’( i 2 ) + ^(b- 1 ) s A ^ 0 so Supp ess (Li)n 
Supp ess (L 2 ) ^ 0- Let v G Supp ess (Li) fl Supp ess (L 2 ). By Proposition 15.61 Li 
and L 2 are admissible of the same degree as L(A). So we have as (C/ g )o-modules 
(using that (Li) u and (i 2 )v are simple (t/ 9 ) 0 -modules by Theorem 12.71) 

(Li)„ = (tp Fs ,b-L( X) Fs ) iy = ((<PFx,b-L{X) FB ) v y s 

~ (( l PF s ,,f(b)-L{X) Fs ,) i ,y s = (ip Fs ,,f(b)-L(X) f s ,) v = (L 2 ) v . 

By Theorem 12.71 this implies Li = L 2 - 

Let £" = {/9",...,/?"} denote the set of commuting roots with /3" = a\ + 

2a 2 , P 2 = 012 , P" = Q!i + 2a 2 + a 3 + •■• + aij, j = 3,... ,n. Let := 
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Ts 1 T S2 (F ai ), Fp„ F a2 , FJf„ T S2 T Sl T S2 T S3 • ■ ■ T Sj _ 1 (F aj ) — T^T^lFp^), 

j = 3 and Fy," the Ore subset generated by F'f ,,,..., Fp„. Note that 

Fg„ = T Sl T S2 (Fp d ) for all j € { 1,... ,n}. The root vectors Fjf„ ...., act in¬ 
jectively on S2Sl L( A). By Theorem l5.12l and Proposition l5.5l .LfAl is a submodule 
of (<^_F E „,d-( S2Sl T(A))_F s ,, / ) is for some d € (C*) n . Then by Lemma 1531 

{ipFz,b-L(\) Fs ) ss = {tf s „ , g (h)d-( S2Sl L(X))F S „) S:, 

for some g(b) € (C*) n . 

Observe that for a 3 ,..., a n £ N: 

TF s ii ,(q a 1 ,...,q a n)( — K ai E ai ) 


—TF s ,,,(q a l,...,q a n 

) (T S1 T S2 ( F ai+2a2 )) 

-ter-( 

' \ —CLn / \ a-n / \ «1 

Ffa) T S1 T S2 (F ai+2a2 ) • • • (A", J 

=t 81 t S2 (f^ ■ 

. . p-“™ p „ . .. p“i | 

—T Sl T S2 {(p Fs ,(q a 

1 ,...,q an ) {F ai + 2 a 2 )) • 

Since ip Fs „, c (~K ai E ai ) and T Sl T S2 {ipF^,c(F ai + 2oi2 )) are both Laurent polyno¬ 
mial in c we get by Lemma|3jH]that ip Fs „, c (-K ai E ai ) = T Sl T S2 (ip Fs ^ c (F ai+2a2 )) 


for any c £ (C*) n . T Sl T S2 (<PF s ,c{F ai + 2a2 )) acts injectively on S2Sl L(A) for any 
c £ (C*) n by Proposition 110.61 This implies that —K ai E ai acts injectively on 
<Pf s ,,, g (b)d-{ S2Sl L(X)) f s „ and this implies that E ai acts injectively. 

Let L 3 be a simple submodule of ‘Pf s „ , g (b)d-{ S2Sl F{X))f s „ ■ We see that 
{—oi 2 , -ai-2a 2 , a 3 ,..., a n } C T L . t C\T L , 2 so C(L 2 )nC(L 3 ) generates Q ({a 3 ,..., a n } C 
Ti 3 because of Proposition 19.71 and the fact that L 3 is a composition factor of 
ipF s ,b-L(\) Fs ). Arguing as above this implies that L 2 = L 3 . We have shown 
that L\ = L 2 — L 3 . Above we have shown that E ai acts injectively on L 3 , 

F a2 acts injectively on L 2 and F ai , E a2 , F ai , E ai , i = 3, ...,n act injectively 
on L\. In conclusion we have shown that all root vectors act injectively on the 
simple submodule L\ of ipF s ,b-L(X)F s thus wtLi = Supp ess (Li) = (^(b -1 ) 5 ^ 
and therefore L\ = </>F E ,b-A(A)_F s ■ This shows that (pF s ,b-L{X)F s is simple and 
torsion free with our assumptions on b. □ 
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